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Abstract
We study linear q-diﬀerence-diﬀerential equations under the action of a perturbation
parameter  . This work deals with a q-analog of the research made in (Lastra and
Malek in Adv. Diﬀer. Equ. 2015:200, 2015) giving rise to a generalization of the work
(Malek in Funkc. Ekvacioj, 2015, to appear). This generalization is related to the nature
of the forcing term which suggests the use of a q-analog of an acceleration procedure.
The proof leans on a q-analog of the so-called Ramis-Sibuya theorem which entails
two distinct q-Gevrey orders. The work concludes with an application of the main
result when the forcing term solves a related problem.
MSC: 35C10; 35C20
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1 Introduction
The present work deals with the study of the solution u(t, z, ) of a family of inhomoge-
neous linear q-diﬀerence-diﬀerential equations of the form
Q(∂z)σqu(t, z, ) = (t)dDσ
dD
k
+
q RD(∂z)u(t, z, )
+
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)u(t, z, )
)
+ σqf (t, z, ). ()
Here,D, k, dD are positive integers withD≥ , q is a real number with q >  and for every
≤  ≤D – , I is a ﬁnite nonempty subset of nonnegative integers whilst δ is a positive
integer. For each ≤  ≤D –  and λ ∈ I, we take dλ, ≥  and λ, ≥ .
The elementsQ and R, for ≤  ≤D, are polynomials with deg(Q)≥ deg(RD)≥ deg(R)
for all ≤  ≤D – . The details on the properties satisﬁed by the previous constants and
polynomials involved in the equation under study are carefully described at the beginning
of Section . We also give an example of a problem under study in the present work at the
end of Section .
The variable  acts as a perturbation parameter in the problem. We describe an asymp-
totic meaning of the solutions and provide the existence of a formal solution to the main
problem with respect to this parameter (see Theorem ).
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For every γ ∈ R, the operator σγq appearing in () stands for the generalization of the
dilation operator on the t variable, with γ = . More precisely, for any function g given in
a set H , σγq is deﬁned by
σγq
(
g(t)
)
:= g
(
qγ t
)
,
whenever the right-hand side makes sense, i.e., if qγ t ∈ H for all t ∈ H . We will also con-
sider the natural extension of this deﬁnition to the formal framework in the following way:
given a formal power series fˆ (z) =
∑
≥ fz with coeﬃcients in a set which is closed under
multiplication by real numbers (in our concerns, this set would turn out to be a complex
Banach space), the formal power series σγq fˆ is given by
∑
≥ qγ fz.
For every  ≤  ≤ D –  and λ ∈ I, the function cλ,(z, ) is constructed as the inverse
Fourier transform with respect to z of a continuous function (m, ) → Cλ,(m, ) deﬁned
in R × B, where B is a neighborhood of the origin. As a matter of fact, cλ, is a bounded
holomorphic function deﬁned in a horizontal strip in the variable z, say Hβ ′ (see ()),
times B.
The forcing term f (t, z, ) turns out to be a holomorphic function deﬁned in T ×Hβ ′ ×E ,
where T and E stand for ﬁnite sector with vertex at the origin. In the sequel, we provide
more details on this function which is crucial in order to understand the interest of this
work.
We choose ≤ k < k and put

κ
= k
– k
.
The construction of f (t, z, ) regards as follows. Letm → Fn(m, ) be a continuous func-
tion for m ∈ R and holomorphic with respect to  ∈ B for every n ≥ . We assume the
formal power series F(T ,m, ) =
∑
n≥ Fn(m, )Tn is such that its formal q-Borel trans-
form of order k (see Deﬁnition )
ψk (τ ,m, ) := Bq;/k
(
F(T , z, )
)
(τ ) =
∑
n≥
Fn
(q/k ) n(n–)
τ n
is convergent in a neighborhood of the origin, D, with respect to τ variable. Moreover,
we assume there exists a ﬁnite family of directions (dp)≤p≤ς– such that ψk extends holo-
morphically to an inﬁnite sector Udp with vertex at  and bisecting direction dp, with
q-exponential growth of order k at inﬁnity, uniformly with respect to  ∈ B. We write
ψ
dp
k for this extension. This last assertion states there exists an appropriate ςψk (m) > 
such that
sup
∈B
∣∣ψdpk (τ ,m, )
∣∣ ≤ ςψk (m) exp
(k log |τ |
 log(q)
)
()
for every τ ∈Udp with τ /∈D (see ()).
One may apply the q-Laplace transform of order k to ψ
dp
k (see Lemma ). Also, the
dependence on m lying in ςψk (m) allows us to take the inverse Fourier transform on this
variable and deﬁne f˜ dp as the result of both transformations. Finally, regarding assumption
() in Deﬁnition , one may apply the change of variable τ → t to deﬁne f dp (t, z, ) :=
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f˜ dp (t, z, ) as a holomorphic and bounded function deﬁned in T ×Hβ ′ × Ep. Here, Ep is
a ﬁnite sector with vertex at the origin in the perturbation parameter, where the family
(Ep)≤p≤ς– is chosen to determine a good covering in C (see Deﬁnition ). For a more
detailed construction of these elements, we refer to Section .
More precisely, we aim to study the solution udp (t, z, ) for  ≤ p ≤ ς –  of a family of
related problems regarding each direction of extendability associated to the forcing term
rather than (). We write
Q(∂z)σqudp (t, z, ) = (t)dDσ
dD
k
+
q RD(∂z)udp (t, z, )
+
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)udp (t, z, )
)
+ σqf dp (t, z, ) ()
for each ≤ p≤ ς –  for the diﬀerent equations under study.
Let us take a brief look at equation () (or equation ()) and describe some concerns
which are important to understand the nature of the problem studied. Regarding the vari-
able z in equation (), we have decided to split the right-hand side in two terms: a ﬁrst
term related to RD(∂z) in which the degree of the operator exceeds those of the remaining
terms, associated to R(∂z),  ≤  ≤ D – . It is at this point where one of the q-Gevrey
growth phenomena regulating the equation arises. Indeed, the dilation operator of this
term causes a q-Gevrey phenomenon of type k to appear.
As a ﬁrst attempt one is tempted to study an auxiliary problem in the Borel plane
directly, following the classical method of summability of formal solutions of diﬀerent
types of equations. In this direction, regarding Proposition , one might try to: apply the
q-Borel transformof order k at both sides of equation (), study the resulting q-diﬀerence-
convolution problem () and obtain a solution to this problem having an adequate
growth in τ variable in order to provide a solution to () via the analytic inverse opera-
tor, the q-Laplace transform of order k. However, this procedure, followed in the recent
work [], is not fruitful because of the growth nature of the forcing term. Indeed, the ap-
plication of q-Borel transform of order k on the forcing term gives rise to a formal power
series which might have null radius of convergence.
The alternative procedure followed in this work is to split the summation procedure in
two steps. Firstly, we proceed with a q-analog of the Borel-Laplace summation method of
a lower type κ and attain the solution by means of an acceleration-like action. It is worth
mentioning that this idea is an adaptation of that in [] to the q-Gevrey case. Also, the idea
of concatenating formal and analytic q-analogs of Borel and Laplace operators in order to
solve q-diﬀerence equations appears in [].
The present work continues a series of works dedicated to the asymptotic behavior of
holomorphic solutions to diﬀerent kinds of q-diﬀerence-diﬀerential problems involving
irregular singularities investigated in [–]. These works can be classiﬁed in the branch of
studies devoted to study from an analytic point of view of q-diﬀerence equations and their
formal/analytic classiﬁcation in [–]. It is worth pointing out another approach in the
construction of a q-analog of summability for formal solutions to inhomogeneous linear
q-diﬀerence-diﬀerential equations based on Newton polygon methods, see [], and also
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the contribution in the framework of nonlinear q-analogs of Briot-Bouquet type partial
diﬀerential equations, see [].
Let us exhibit the plan of the work.
We ﬁrst state the deﬁnitions and some properties of the Banach spaces of functions
involved in the construction of the solution of equation (). The elements of these spaces
consist of holomorphic functions deﬁned in an inﬁnite sector with vertex at  (resp. an
inﬁnite sector with vertex at inﬁnity and a disc at ) subjected to a q-exponential growth
at inﬁnity, with respect to the ﬁrst variable. Also an exponential decay at±∞ is assumed in
the real-valued variablem (see Section ). In Section , we recall some formal and analytic
transformations such as the formal q-Borel transform of a positive order and the analytic
q-Laplace transform of a positive order. These transformations were introduced in the
work [] to constructmeromorphic solutions to linear q-diﬀerence equations from formal
ones. In this section we also give a review on the properties satisﬁed by inverse Fourier
transform F–.
In Section ., we consider the auxiliary equation
Q(im)σqU(T ,m, )
= TdDσ
dD
k
+
q RD(im)U(T ,m, )
+
D–∑
=
(∑
λ∈I
Tdλ,λ,–dλ, (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)U
(
qδT ,m, 
)
dm
)
+ σqF(T ,m, ) ()
and study the resulting equation after the action of formal q-Borel transformation of order
k on an equation coming from ():
Q(im) τ
k
(q/k )k(k–)/wk (τ ,m, )
= τ
dD+k
(q/k )(dD+k)(dD+k–)/ σ
–dD/κ
q RD(im)wk (τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,+k
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(
Cλ,(m, ) ∗R wk (τ ,m, )
))
+ τ
k
(q/k )k(k–)/ψk (τ ,m, ). ()
For every  ≤ p ≤ ς – , we come to a novel auxiliary problem ﬁxing ψk := ψdpk , and by
means of Proposition we get the existence of a solutionwdpk (τ ,m, ) of (), which satisﬁes
that
sup
τ∈Udp∪D
m∈R
∣∣wdpk (τ ,m, )
∣∣ ≤ Cwdpk

( + |m|)μ e
–β|m| exp
(
κ log |τ + δ|
 log(q) + α log |τ + δ|
)
uniformly with respect to  ∈ B for some Cwdpk
, δ˜,α,μ,β > .
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In Section ., we study the action of formal q-Borel transform of order k on an equa-
tion obtained from (). As it was pointed out above, one can not guarantee convergence
of the resulting element in a neighborhood of the origin, arriving at the formal problem
Q(im) τ
k
(q/k )k(k–)/ wˆk (τ ,m, )
= RD(im)
τ dD+k
(q/k )(dD+k)(dD+k–)/ wˆk (τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,+k
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(
Cλ,(m, ) ∗R wˆk (τ ,m, )
))
+ τ
k
(q/k )k(k–)/ Bˆq;/k
(
F(T ,m, )
)
. ()
We substitute the formal power series Bˆq;/k (F(T ,m, )) with the acceleration of ψdpk for
each  ≤ p ≤ ς –  and study the resulting equation for each p. The role of the accel-
eration operator is being played by q-Laplace transform of an adequate order. Indeed, we
substitute Bˆq;/k (F(T ,m, )) withLq;/κ (h → ψdpk (h,m, ))(τ ), constructed in Lemma , for
every  ≤ p ≤ ς – . By Proposition , we obtain a solution wdpk of the previous problem
by means of a ﬁxed point result in appropriate Banach spaces. This solution is deﬁned in
(Rbdp ∪ Sdp )×R×B, whereRbdp (resp. Sdp ) stands for a ﬁnite wide sector (resp. an inﬁnite
sector) of bisecting direction dp. Indeed, one has
sup
τ∈(Rbdp∪Sdp )
m∈R
∣∣wdpk (τ ,m, )
∣∣ ≤ Cwdpk

( + |m|)μ e
–β|m| exp
(k log |τ |
 log(q) + ν log |τ |
)
()
for some Cwdpk
,ν > .
We prove (Proposition ) that wdpk and L
dp
q/κ (τ → wdpk (τ ,m, )) coincide in the intersec-
tion of their domains of deﬁnition. Consequently,Ldpq/κ (τ → wdpk (τ ,m, )) can be extended
toRbdp ∪ Sdp . In view of () and the choice of the domains associated to the good covering
(Ep)≤p≤ς– (see Deﬁnition ), one can deﬁne the function
udp (t, z, ) :=F–
(
m → 
πq/k
∫
Lγp
wdpk (u,m, )
q/k ( ut )
du
u
)
(z)
for every (t, z, ) ∈ T ×Hβ ′ × Ep, for all  ≤ p≤ ς – . Here Lγp stands for a ray from  to
inﬁnity contained in Sdp seeTheorem. The function udp (t, z, ) solves () (seeTheorem).
In the spirit of [], the procedure we have followed can be summarized in some sense
by the composition of these operators:
Lq;/k ◦Lq;/κ ◦ Bˆ/κ ◦ Bˆ/k =Lq;/k ◦Lq;/κ ◦ Bˆ/k .
In the second part of Section  we study the diﬀerence of two solutions and obtain two dif-
ferent results, depending on the geometry of the problem (see Proposition  and Propo-
sition ). The previous results are applied in Section  to attain the main result of the
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work (Theorem ) by means of a novel two-level version of a q-analog of Ramis-Sibuya
theorem (see Theorem ), namely the existence of a formal power series
uˆ(t, z, ) =
∑
m≥
hm(t, z)
m
m! ∈ F,
with coeﬃcients in the Banach space F of bounded holomorphic functions deﬁned on
T ×Hβ ′ with the supremum norm. This formal power series is a formal solution of
Q(∂z)σquˆ(t, z, ) = (t)dDσ
dD
k
+
q RD(∂z)uˆ(t, z, )
+
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)uˆ(t, z, )
)
+ σqfˆ (t, z, ),
where fˆ is the common asymptotic representation of f dp with respect to the perturbation
parameter , as described in Lemma . The sense in which uˆ(t, z, ) represents udp (t, z, )
for all ≤ p≤ ς –  is detailed in Theorem .
The work concludes in Section  with an application of the main result when the formal
power series F(T ,m, ) is a solution of another related problem (see Theorem ).
2 Banach spaces of functions and related results
Throughout the whole section we ﬁx real numbers β ,μ > , q >  and α. Some conditions
on these elements may be described when needed in the following constructions and re-
sults.
Throughout this section we assume thatUd ⊆C :=C \ {} is a sector with vertex at the
origin and bisecting direction d ∈R. We also choose ρ >  and consider the disc centered
at  ∈ C with radius ρ , notated by D(,ρ) := {τ ∈ C : |τ | < ρ}. Let δ >  and assume that
the distance from Ud ∪D(,ρ) to the real number –δ is positive. We also take k > .
We denote by D(,ρ) the closure of D(,ρ).
Deﬁnition  We denote by Expd(k,β ,μ,α,ρ) the vector space of continuous complex-valued
functions (τ ,m) → h(τ ,m) on Ud ∪D(,ρ)×R, holomorphic with respect to τ on Ud ∪
D(,ρ) such that
∥∥h(τ ,m)
∥∥
(k,β ,μ,α,ρ) := sup
τ∈Ud∪D(,ρ)
m∈R
(
 + |m|)μeβ|m| exp
(
–k log
 |τ + δ|
 log(q) – α log |τ + δ|
)
× ∣∣h(τ ,m)∣∣ <∞.
The set Expd(k,β ,μ,α,ρ) turns out to be a Banach space when endowed with the norm
‖ · ‖(k,β ,μ,α,ρ).
The previous norm is a modiﬁed version of that used in the previous work [] and by
the ﬁrst author in []. Here, a shift on the variable τ is needed in such a way that the
elements belonging to Expd(k,β ,μ,α,ρ) remain holomorphic and bounded in a neighborhood
of the origin, whilst q-exponential behavior at inﬁnity is preserved.
Lemma  Let (τ ,m) → a(τ ,m) be a bounded continuous function deﬁned on (Ud ∪
D(,ρ))×R,holomorphicwith respect to τ onUd∪D(,ρ).For every h(τ ,m) ∈ Expd(k,β ,μ,α,ρ),
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the function a(τ ,m)h(τ ,m) ∈ Expd(k,β ,μ,α,ρ) and
∥∥a(τ )h(τ ,m)
∥∥
(k,β ,μ,α) ≤ C
∥∥h(τ ,m)
∥∥
(k,β ,μ,α,ρ),
where C = supτ∈(Ud∪D(,ρ)),m∈R |a(τ ,m)|.
Proposition  Let γ,γ ≥  such that
γ ≤ kγ. ()
Then there exists C >  (depending on k, q, α, γ, γ, δ) with
∥∥τ γσ –γq f (τ ,m)
∥∥
(k,β ,μ,α,ρ) ≤ C
∥∥f (τ ,m)
∥∥
(k,β ,μ,α,ρ)
for every f (τ ,m) ∈ Expd(k,β ,μ,α,ρ).
Proof Let f ∈ Expd(k,β ,μ,α,ρ). One can write
∥∥τ γσ –γq f (τ ,m)
∥∥
(k,β ,μ,α,ρ)
= sup
τ∈Ud∪D(,ρ)
m∈R
(
 + |m|)μeβ|m| exp
(
–k log
 |τ + δ|
 log(q) – α log |τ + δ|
)
|τ |γ
× ∣∣f (τ /qγ ,m)∣∣ exp
(
–
k log | τqγ + δ|
 log(q) – α log
∣∣∣∣
τ
qγ + δ
∣∣∣∣
)
× exp
(k log | τqγ + δ|
 log(q) + α log
∣∣∣∣
τ
qγ + δ
∣∣∣∣
)
.
We observe that σ –γq (Ud ∪D(,ρ))⊆Ud ∪D(,ρ). As a consequence, the previous ex-
pression is upper bounded by
∥∥f (τ ,m)
∥∥
(k,β ,μ,α,ρ) sup
τ∈Ud∪D(,ρ)
exp
(k(log | τqγ + δ| – log |τ + δ|)
 log(q)
)
× |τ |γ
( |τ /qγ + δ|
|τ + δ|
)α
. ()
For every τ ∈Ud ∪D(,ρ), one has
log
∣∣∣∣
τ
qγ + δ
∣∣∣∣ – log
 |τ + δ|
= log
∣∣τ + δqγ
∣∣ + log
(
qγ
)
– γ log(q) log
∣∣τ + δqγ
∣∣ – log |τ + δ|. ()
Let ρ = ρ . For every τ ∈ Sd with |τ | > ρ, standard calculations yield
log
∣∣τ + δqγ
∣∣ – log |τ + δ|
= log
∣∣(τ + δqγ
)
(τ + δ)
∣∣ log
∣∣∣∣
τ + δqγ
τ + δ
∣∣∣∣
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≤ C log |τ | log
(
 + δ(q
γ – )
|τ + δ|
)
≤ C log |τ |δ(q
γ – )
|τ + δ| ≤ C ()
for some C,C,C >  (depending on q, γ, δ). On the other hand, the function
τ → log∣∣τ + δqγ ∣∣ – log |τ + δ|
is continuous in the compact set D(,ρ) ∪ {τ ∈ Ud : |τ | ≤ ρ}. This and () provide the
existence of C >  (depending on k, q, γ, δ) such that () is estimated from above by
C – γ log(q) log |τ + δqγ |. Taking into account these estimates, one derives the exis-
tence of C >  (depending on k, δ, q, γ) such that
∥∥τ γσ –γq f (τ ,m)
∥∥
(k,β ,μ,α,ρ)
≤ C
∥∥f (τ ,m)
∥∥
(k,β ,μ,α,ρ) sup
τ∈Ud∪D(,ρ)
|τ |γ
( |τ + δqγ |
|τ + δ|
)α∣∣τ + δqγ
∣∣–kγ .
It is straightforward to check that
sup
τ∈Ud∪D(,ρ)
|τ |γ
( |τ + δqγ |
|τ + δ|
)α∣∣τ + δqγ
∣∣–kγ ≤ sup
x≥
Cxγ
(
x + δqγ
)–kγ
for some C > . The result follows from here in view of (). 
Deﬁnition  Wedenote by E(β ,μ) the vector space of continuous functions h :R→C such
that
∥∥h(m)
∥∥
(β ,μ) := supm∈R
(
 + |m|)μ exp(β|m|)∣∣h(m)∣∣ <∞.
The pair (E(β ,μ),‖ · ‖(β ,μ)) is a Banach space.
Lemma  Let hj :R→C be a continuous function for j = , . Assume that supm∈R |h(m)|
is ﬁnite and h ∈ E(β ,μ). Then the product hh ∈ E(β ,μ) and
∥∥h(m)h(m)
∥∥
(β ,μ) ≤
(
sup
m∈R
∣∣h(m)
∣∣
)∥∥h(m)
∥∥
(β ,μ).
Proof It follows from the deﬁnition of the norm ‖ · ‖(β ,μ). 
Let hj : R → C be a continuous function for j = , . Let Q ∈ C[X]. One can deﬁne the
convolution product
h(m) ∗Q h(m) :=
∫ ∞
–∞
h(m –m)Q(im)h(m)dm, m ∈R,
whenever the integral converges, extending the classical convolution product for Q≡ .
Lastra and Malek Advances in Diﬀerence Equations  (2015) 2015:344 Page 9 of 52
Proposition  Let Q,R ∈ C[x] such that deg(R) ≥ deg(Q), R(im) =  for every m ∈ R.
Assume, moreover, that μ > deg(Q) + . Given a continuous function b : R → C with
supm∈R |b(m)R(im)| ≤ , the space (E(β ,μ),‖ · ‖(β ,μ)) turns out to be a Banach algebra when
endowed with the product ∗b,Q deﬁned by h(m)∗b,Q h(m) := b(m)h(m)∗Q h(m) for every
m ∈R.
We refer to [] for a proof of the previous result.
Proposition  Let Q, R, b be as in Proposition .We assume c(m) ∈ E(β ,μ). Then, for every
f ∈ Expd(k,β ,μ,α,ρ), the function c ∗b,Q f ∈ Expd(k,β ,μ,α,ρ) and
∥∥c(m) ∗b,Q f (τ ,m)∥∥(k,β ,μ,α,ρ) ≤ C
∥∥c(m)
∥∥
(β ,μ)
∥∥f (τ ,m)
∥∥
(k,β ,μ,α,ρ) ()
for some C >  (depending on μ, q, α, k, Q(X), R(X)).
Proof Let f ∈ Expd(k,β ,μ,α,ρ). Regarding Proposition , it is direct to check that c(m) ∗b,Q
f (τ ,m) deﬁnes a continuous function inUd ∪D(,ρ)×R and holomorphic inUd ∪D(,ρ)
with respect to the variable τ . From the deﬁnition of the space Expd(k,β ,μ,α,ρ) one has
∥∥c(m) ∗b,Q f (τ ,m)∥∥(k,β ,μ,α,ρ)
≤ sup
τ∈Ud∪D(,ρ)
m∈R
(
 + |m|)μeβ|m| exp
(
–k log
 |τ + δ|
 log(q) – α log |τ + δ|
)
× |R(im)b(m)||R(im)|
∫ ∞
–∞
((
 + |m –m|
)μeβ|m–m|
∣∣c(m –m)
∣∣∣∣Q(im)
∣∣
× ∣∣f (τ ,m)
∣∣( + |m|
)μeβ|m|
) e–β|m–m|e–β|m|
( + |m –m|)μ( + |m|)μ dm.
From the hypotheses made on Q and R, there exist C,C >  such that
∣∣Q(im)
∣∣ ≤ C
(
 + |m|
)deg(Q),
∣∣R(im)
∣∣ ≥ C
(
 + |m|)deg(R) ()
for every m ∈ R. The triangle inequality, the estimates in (), and Lemma  in [] (or
Lemma . in []) yield the existence of C >  such that
( + |m|)μ
|R(im)|
∫ ∞
–∞
|Q(im)|eβ(|m|–|m–m|–|m|)
( + |m –m|)μ( + |m|)μ dm
≤ sup
m∈R
C
C
(
 + |m|)μ–deg(Q)
∫ ∞
–∞

( + |m –m|)μ( + |m|)μ–deg(Q) dm ≤ C ()
for every m ∈R provided that μ > deg(Q) + . This proves (). 
Let Sd be an inﬁnite sector of bisecting direction d andRbd be a ﬁnite sector of bisecting
direction d. We take ν ∈R.
We deﬁne another space of functions which will be useful in the sequel. It corresponds
to that of Deﬁnition  in [].
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Deﬁnition  Expd(k,β ,μ,ν) stands for the vector space of continuous complex-valued func-
tions (τ ,m) → h(τ ,m) on (Sd ∪Rbd)×R, holomorphic with respect to τ on Sd ∪Rbd such
that
∥∥h(τ ,m)
∥∥
(k,β ,μ,ν) := sup
τ∈(Sd∪Rbd),m∈R
(
 + |m|)μeβ|m| exp
(
–k log
 |τ |
 log(q) – ν log |τ |
)∣∣h(τ ,m)
∣∣
< ∞.
The space Expd(k,β ,μ,ν) turns out to be a Banach space when endowed with the norm
‖ · ‖(k,β ,μ,ν).
The growth behavior of the elements in the space Expd(k,β ,μ,ν) diﬀers at  when compared
to the growth rate of the elements in Expd(k,β ,μ,ν,ρ) at the origin with respect to τ variable.
However, both spaces share functions with the same growth at inﬁnity.
We state some auxiliary lemmas in the shape as those enunciated for the space
Expd(k,β ,μ,α,ρ). The proofs for these results are omitted, and they can be found in [].
Lemma  Let (τ ,m) → a(τ ,m) be a bounded continuous function in Sd ∪ Rbd × R,
holomorphic with respect to τ on Sd ∪ Rbd . For every h(τ ,m) ∈ Expd(k,β ,μ,ν), the function
a(τ ,m)h(τ ,m) ∈ Expd(k,β ,μ,ν) and
∥∥a(τ ,m)h(τ ,m)
∥∥
(k,β ,μ,ν) ≤ C˜
∥∥h(τ ,m)
∥∥
(k,β ,μ,ν),
where C˜ = sup
τ∈(Sd∪Rbd),m∈R
|a(τ ,m)|.
Proposition  Let γ,γ,γ ≥  such that
γ ≥ kγ, γ + kγ ≥ γ. ()
Let aγ (τ ) be a holomorphic function on Sd ∪ Rbd , continuous on Sd ∪ Rbd with ( +
|τ |)γ |aγ (τ )| ≤  for every τ ∈ (Sd ∪ Rbd). Then, for every f ∈ Expd(k,β ,μ,ν), the function
aγ (τ )τ γσ
–γ
q f (τ ,m) belongs to Expd(k,β ,μ,ν), and there exists C˜ > , depending on k, q, ν ,
γ, γ, γ, such that
∥∥aγ (τ )τ γσ –γq f (τ ,m)
∥∥
(k,β ,μ,ν) ≤ C˜
∥∥f (τ ,m)
∥∥
(k,β ,μ,ν).
Proposition  Let Q(X),R(X) and b be as in Proposition .Weassume c(m) ∈ E(β ,m).Then,
for every f (τ ,m) ∈ Expd(k,β ,μ,ν), the function c(m) ∗b,Q f (τ ,m) ∈ Expd(k,β ,μ,ν), and there exists
C˜ > , depending on Q(X), R(X), μ, q, ν , k, such that
∥∥c(m) ∗b,Q f (τ ,m)∥∥(k,β ,μ,ν) ≤ C˜
∥∥c(m)
∥∥
(β ,μ)
∥∥f (τ ,m)
∥∥
(k,β ,μ,ν).
3 Review of some formal and analytic transforms
In the present section, we recall the deﬁnitions and main properties of some formal and
analytic transforms. More precisely, we will be concerned with q-Borel, q-Laplace and
Fourier transforms. Throughout this section, E stands for a complex Banach space.
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Let q >  be a real number and k ≥  be an integer. The next deﬁnition and result can
both be found in [] and also in the previous work [].
Deﬁnition  Let aˆ(T) = ∑n≥ anTn ∈ ET. We deﬁne the formal q-Borel transform of
order k of aˆ(T) as the formal power series
Bˆq;/k
(
aˆ(T)
)
(τ ) =
∑
n≥
an
τ n
(q/k)n(n–)/ ∈ Eτ .
We recall that for every γ ∈R, the operator σγq , acting on ET, stands for the general-
ized dilation operator on T variable, σγq (aˆ(T)) = aˆ(qγT) for every aˆ(T) ∈ ET.
The proof of this result can be found in [], Proposition .
Proposition  Let σ ∈N and j ∈Q. Then the following formal identity holds:
Bˆq;/k
(
Tσ σ jqaˆ(T)
)
(τ ) = τ
σ
(q/k)σ (σ–)/ σ
j– σk
q
(Bˆq;/k
(
aˆ(T)
)
(τ )
)
for every aˆ(T) ∈ ET.
At this point, we can recall the deﬁnition of a q-Laplace transform of order k, extending
that used in [] for k = , and introduced in thework []. It provides a continuous q-analog
for the formal inverse of Bˆq;/k developed in []. The associated kernel of the q-Laplace
operator is the Jacobi theta function of order k deﬁned by
q/k (x) =
∑
n∈Z
q–
n(n–)
k xn
for x ∈C,m ∈ Z. This function solves the q-diﬀerence equation
q/k
(
qmk x
)
= q
m(m+)
k xmq/k (x) ()
for every x ∈ C. As a direct consequence of Lemma . in [], extended for any value of
k, a Jacobi theta function of order k satisﬁes that for every δ˜ >  there exists a positive
constant Cq,k not depending on δ˜ such that
∣∣q/k (x)
∣∣ ≥ Cq,k δ˜ exp
(k

log |x|
log(q)
)
|x|/ ()
for every x ∈C verifying | + xqmk | > δ˜ for allm ∈ Z. This last property is crucial in order
for the q-Laplace transform of order k to be well deﬁned.
Deﬁnition  Let ρ >  and Ud be an unbounded sector with vertex at  and bisecting
direction d ∈R. Let f :D(,ρ)∪Ud → E be a holomorphic function continuous onD(,ρ)
such that there exist constants K >  and α ∈R with
∥∥f (x)
∥∥
E
≤ K exp
(k

log |x|
log(q) + α log |x|
)
()
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for every x ∈Ud , |x| ≥ ρ and
∥∥f (x)
∥∥
E
≤ K ()
for all x ∈D(,ρ). Take γ ∈R such that eiγ ∈Ud . We put πq/k = log(q)k
∏
n≥(– 
q
n+
k
)– and
deﬁne the q-Laplace transform of order k of f in direction γ as
Lγq;/k
(
f (x)
)
(T) = 
πq/k
∫
Lγ
f (u)
q/k ( uT )
du
u ,
where Lγ stands for the set R+eiγ := {teiγ : t ∈ (,∞)}.
The following results are stated without proof which can be found in [], Lemma  and
Proposition . The ﬁrst result studies the domain of deﬁnition of the q-Laplace transform
of order k whilst the second states a commutation formula of the q-Laplace operator of
order k with respect to some other operators.
Lemma Let δ˜ > .Under the hypotheses of Deﬁnition ,Lγq;/k(f (x))(T) deﬁnes a bounded
and holomorphic function on the domainRγ ,δ˜ ∩D(, r) for any  < r ≤ q(

 –α)/k/, where
Rγ ,δ˜ =
{
T ∈C :
∣∣∣∣ +
eiγ r
T
∣∣∣∣ > δ˜ for all r ≥ 
}
.
The value of Lγq;/k(f (x))(T) does not depend on the choice of γ under the condition eiγ ∈ Sd
due to the Cauchy formula.
Proposition  Let f be a function satisfying the properties in Deﬁnition , and δ˜ > .Then,
for every σ ≥ , one has
Tσ σ jq
(Lγq;/kf (x)
)
(T) =Lγq;/k
( xσ
(q/k)σ (σ–)/ σ
j– σk
q f (x)
)
(T)
for every T ∈Rγ ,δ˜ ∩D(, r), where  < r ≤ q(

 –α)/k/.
We are also making use of Fourier transform and some of its properties in the spirit of
[, ].
Proposition  Takeμ > , β >  and let f ∈ E(β ,μ).The inverse Fourier transform is deﬁned
by
F–(f )(x) = (π )/
∫ ∞
–∞
f (m) exp(ixm)dm
for x ∈R, which can be extended to an analytic function on the strip
Hβ =
{
z ∈C : ∣∣(z)∣∣ < β}. ()
Let φ(m) = imf (m) ∈ E(β ,μ–). Then we have
∂zF–(f )(z) =F–(φ)(z) ()
for every z ∈Hβ .
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Let g ∈ E(β ,μ) and let ψ(m) = (π )/ (f ∗ g)(m), the convolution product of f and g , for
all m ∈ R. A direct application of Proposition  when choosing b ≡ R ≡ Q ≡  allow us to
aﬃrm that the function ψ is an element of E(β ,μ).Moreover, we have
F–(f )(z)F–(g)(z) =F–(ψ)(z) ()
for every z ∈Hβ .
4 Formal and analytic solutions to an auxiliary convolution problem
Let ≤ k < k and D≥  be integer numbers. Let κ >  be deﬁned by

κ
= k
– k
. ()
We also take q ∈ R, q >  and assume that for every  ≤  ≤ D – , I stands for a ﬁnite
nonempty set of nonnegative integers.
Let dD ≥  be an integer. For every  ≤  ≤ D – , we consider an integer δ ≥  and
for each λ ∈ I, we choose integers dλ, ≥ , λ, ≥ . In addition to that, we make the
assumption that
δ = , δ < δ+
for every ≤  ≤D – .
We make the hypotheses
λ, ≥ dλ,, dλ,k + ≥ δ,
dD – 
k
+ ≥ δ ()
for every ≤  ≤D –  and all λ ∈ I. Let Q,R ∈C[X], ≤  ≤D, with
deg(Q)≥ deg(RD)≥ deg(R), Q(im) = , RD(im) =  ()
for all  ≤  ≤ D –  and m ∈ R. For every  ≤  ≤ D –  and all λ ∈ I, we choose the
functionm → Cλ,(m, ) in the space E(β ,μ) for some β >  and μ > deg(RD) + . In addition
to that, we assume all these functions depend holomorphically on  ∈ D(, ) for some
 >  and also the existence of a positive constant C˜λ, such that
∥∥Cλ,(m, )
∥∥
(β ,μ) ≤ C˜λ, ()
for every  ∈D(, ).
Let F(T ,m, ) =
∑
n≥ Fn(m, )Tn be a formal power series in T with coeﬃcients in E(β ,μ)
which depend holomorphically on  ∈D(, ).
We assume the formal power series Bˆq,/k (F(T ,m, ))(τ ) ∈ E(β ,μ)τ , which depends
holomorphically on  ∈ D(, ). Moreover, we assume uniform bounds on the pertur-
bation parameter in the domain of convergence. More precisely, we assume there exists
CF > , which does not depend on  ∈D(, ), such that
∥∥Fn(m, )
∥∥
(β ,μ) ≤ CFρ–nq
n(n–)
k . ()
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The nature of Bˆq,/k (F(T ,m, ))(τ ) allow us to aﬃrm that this function can be extended to
an unbounded sector of bisecting direction d, say Ud , under q-exponential bounds of k
type. Again, we assume uniformity on the bounds for the perturbation parameter in the
sense that, if we denote this extension by ψk , then one has that
∣∣ψk (τ ,m, )
∣∣ ≤ Cψk
e–β|m|
( + |m|)μ exp
(k log |τ + δ|
 log(q) + α log |τ + δ|
)
()
for some Cψk > , τ ∈Ud ∪D(,ρ) andm ∈R, valid for all  ∈D(, ).
We consider the equation
Q(im)σqU(T ,m, )
= TdDσ
dD
k
+
q RD(im)U(T ,m, )
+
D–∑
=
(∑
λ∈I
Tdλ,λ,–dλ, (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)U
(
qδT ,m, 
)
dm
)
+ σqF(T ,m, ). ()
Proposition  Let Uh ∈ E(β ,μ) for
h ∈
{
, , . . . ,max
{
max
≤≤D–,λ∈I
dλ,,dD
}}
depending holomorphically on  ∈ D(, ). Then there exists a unique formal power se-
ries Uˆ(T ,m, ) =
∑
n≥Un(m, )Tn ∈ E(β ,μ)T which solves (). The elements Un depend
holomorphically on  ∈D(, ).
Proof A formal power series Uˆ(T ,m, ) =
∑
n≥Un(m, )Tn provides a formal solution of
() if its coeﬃcients satisfy the recursion formula
Q(im)Un(m, )qn
= RD(im)Un–dD (m, )q
( dDk +)(n–dD)
+
D–∑
=
∑
λ∈I
λ,–dλ,q(n–dλ,)δ (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)Un–dλ, (m, )dm
+ Fn(m, )qn ()
for every  ∈ D(, ), and m ∈ R. Holomorphicity of Un(m, ) for every n ≥  comes
from the previous recursion formula and assumption (). Moreover, regarding Propo-
sition  together with assumption () and Lemma , one derives Un(m, ) ∈ E(β ,μ) for
every n≥ . 
As it was explained in the Introduction, a procedure of Borel-Laplace summation on the
perturbation parameter is not valid in this framework from the growth nature of the source
and the nature of the singularities associated to the equation in . This phenomenon is
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treated in two steps: the ﬁrst step in which Borel-Laplace summation procedure provides
a holomorphic solution with too large growth at inﬁnity so that Laplace transform is not
available; and the second step solving this diﬃculty by means of an acceleration opera-
tor.
4.1 Analytic solutions for an auxiliary problem arising from the action of the
formal q-Borel transform of order k1
We commence with the ﬁrst step in the procedure to follow. For that purpose, wemultiply
both sides of equation () by Tk to get
Q(im)TkσqU(T ,m, )
= TdD+kσ
dD
k
+
q RD(im)U(T ,m, )
+
D–∑
=
(∑
λ∈I
Tdλ,+kλ,–dλ, (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)
×U(qδT ,m, 
)
dm
)
+ TkσqF(T ,m, ). ()
By applying the formal q-Borel transform of order k at both sides of equation () and
bearing in mind the identity described in Proposition , we arrive at
Q(im) τ
k
(q/k )k(k–)/wk (τ ,m, )
= τ
dD+k
(q/k )(dD+k)(dD+k–)/ σ
–dD/κ
q RD(im)wk (τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,+k
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(
Cλ,(m, ) ∗R wk (τ ,m, )
))
+ τ
k
(q/k )k(k–)/ψk (τ ,m, ). ()
Here, we have put
wk (τ ,m, ) := Bˆq;/k
(
U(T ,m, )
)
(τ ), ψk (τ ,m, ) := Bˆq;/k
(
F(T ,m, )
)
(τ ). ()
The main aim of this section is to prove that wk is indeed a holomorphic function in a
neighborhood of the origin in the variable τ , with values in E(β ,μ), and holomorphic with
respect to the perturbation parameter . Moreover, wk can be extended in τ variable to
an inﬁnite sector under q-exponential growth of κ type.
A ﬁx point theorem in an appropriate Banach space is studied.
Proposition  Let  > . Under the hypotheses made at the beginning of Section  on
the functions involved in the construction of equation (), if RD and Q are chosen so that
supm∈R
|RD(im)|
|Q(im)| is small enough, and there exist small enough positive constants ζψk and ζλ,
for every ≤  ≤D –  and all λ ∈ I with
C˜λ, ≤ ζλ,, Cψk ≤ ζψk , ()
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then equation () admits a unique solution wdk (τ ,m, ) in the space Exp
d
(κ ,β ,μ,α,ρ) such that
‖wdk (τ ,m, )‖(κ ,β ,μ,α,ρ) ≤  for every  ∈ D(, ). Moreover, this function is holomorphic
with respect to  in D(, ).
Proof Let  ∈D(, ).
LetHk be the map deﬁned by
Hk
(
w(τ ,m)
)
:= (q
/k )k(k–)/
(q/k )(dD+k)(dD+k–)/ τ
dDσ –dD/κq
RD(im)
Q(im) w(τ ,m)
+
D–∑
=
(∑
λ∈I
λ,–dλ, (q/k )k(k–)/
(q/k )(dλ,+k)(dλ,+k–)/ τ
dλ,σ
δ–
dλ,
k
–
q
× (π )/

Q(im)
(
Cλ,(m, ) ∗R wk (τ ,m, )
))
+ Q(im)ψk (τ ,m, ).
Let  >  and w(τ ,m) ∈ Expd(κ ,β ,μ,α,ρ) with ‖w(τ ,m)‖(κ ,β ,μ,α,ρ) ≤  .
Taking into account (), one can apply Lemma , and from Proposition  one gets
∥∥∥∥
RD(im)
Q(im) τ
dDσ –dD/κq w(τ ,m)
∥∥∥∥
(κ ,β ,μ,α,ρ)
≤ CCRDQ
∥∥w(τ ,m)
∥∥
(κ ,β ,μ,α,ρ) ≤ CCRDQ ()
for some C > , and where CRDQ = supm∈R |RD(im)|/|Q(im)|. Let ≤  ≤D –  and λ ∈ I.
Bearing in mind () and from Proposition  and Proposition , we have
∥∥∥∥
λ,–dλ,τ dλ,σ
δ–
dλ,
k
–
q

Q(im)
(
Cλ,(m, ) ∗R wk (τ ,m, )
)∥∥∥∥
(κ ,β ,μ,α,ρ)
≤ CCλ,–dλ,
∥∥Cλ,(m, )
∥∥
(β ,μ)
∥∥w(τ ,m)
∥∥
(κ ,β ,μ,α,ρ)
≤ CCλ,–dλ, C˜λ, ≤ CCλ,–dλ, ζλ, ()
for every ≤  ≤D –  and all λ ∈ I. We recall C˜λ, is deﬁned in ().
The polynomial Q satisﬁes that Q(im) =  for all m ∈ R. This entails that |Q(im)| ≥
CQ for every m ∈ R, for some CQ > . We depart from ψk ∈ Expd(k,β ,μ,α,ρ) ⊆ Expd(κ ,β ,μ,α,ρ),
where the inclusion is a continuous map. Then
∥∥∥∥

Q(im)ψk (τ ,m, )
∥∥∥∥
(κ ,β ,μ,α,ρ)
≤ CQ
∥∥ψk (τ ,m, )
∥∥
(κ ,β ,μ,α,ρ) ≤

CQ
Cψk ≤

CQ
ζψk
. ()
Regarding (), () and (), we get
∥∥Hk
(
w(τ ,m)
)∥∥
(κ ,β ,μ,α,ρ) ≤
(q/k )k(k–)/
(q/k )(dD+k)(dD+k–)/CCRDQ
+
D–∑
=
∑
λ∈I

λ,–dλ,
 (q/k )k(k–)/
(q/k )(dλ,+k)(dλ,+k–)/

(π )/CCζλ,
+ CQ
ζψk
.
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Now, we choose CRDQ, ζψk and ζλ, for every ≤  ≤D –  and λ ∈ I such that
(q/k )k(k–)/
(q/k )(dD+k)(dD+k–)/CCRDQ
+
D–∑
=
∑
λ∈I

λ,–dλ,
 (q/k )k(k–)/
(q/k )(dλ,+k)(dλ,+k–)/

(π )/CCζλ, +

CQ
ζψk
≤  .
One derives that the operatorHk maps D(, )⊆ Expd(κ ,β ,μ,α,ρ) into itself. Let wk ,wk ∈
Expd(κ ,β ,μ,α,ρ), with ‖wjk‖(κ ,β ,μ,α,ρ) ≤  for j = , .
Analogous estimates as before allow us to prove that
∥∥Hk
(
wk (τ ,m)
)
–Hk
(
wk (τ ,m)
)∥∥
(κ ,β ,μ,α,ρ)
≤ (q
/k )k(k–)/CCRDQ
(q/k )(dD+k)(dD+k–)/
∥∥wk (τ ,m) –w

k (τ ,m)
∥∥
(κ ,β ,μ,α,ρ)
+
D–∑
=
∑
λ∈I

λ,–dλ,
 (q/k )k(k–)/
(q/k )(dλ,+k)(dλ,+k–)/
× (π )/CCζλ,
∥∥wk (τ ,m) –w

k (τ ,m)
∥∥
(κ ,β ,μ,α,ρ).
We choose CRDQ and ζλ, for every ≤  ≤D –  and λ ∈ I such that
(q/k )k(k–)/CCRDQ
(q/k )(dD+k)(dD+k–)/ +
D–∑
=
∑
λ∈I

λ,–dλ,
 (q/k )k(k–)/
(q/k )(dλ,+k)(dλ,+k–)/

(π )/CCζλ, ≤


and conclude that
∥∥Hk
(
wk (τ ,m)
)
–Hk
(
wk (τ ,m)
)∥∥
(κ ,β ,μ,α,ρ) ≤


∥∥wk (τ ,m) –w

k (τ ,m)
∥∥
(κ ,β ,μ,α,ρ).
The closed disc D(, ) ⊆ Expd(κ ,β ,μ,α,ρ) is a complete metric space for the norm
‖ · ‖(κ ,β ,μ,α,ρ). Then the operator Hk is a contractive map from D(, ) into itself. The
classical contractive mapping theorem states the existence of a unique ﬁxed point, say
wdk (τ ,m, ). Holomorphy of w
d
k (τ ,m, ) with respect to  is guaranteed by construction,
and also one has wdk (τ ,m, ) is a solution of (). 
The next step consists of studying the solutions of a second auxiliary problem, derived
from (). Its solution is linked to that of () by means of some appropriate q-Laplace
transform which plays the role of an acceleration operator. The main aim of the following
results is to conclude that the acceleration of the function wdk obtained in Proposition 
coincides with the analytic solution of the novel auxiliary equation under study.
We ﬁrst establish an accelerator-like result on the function ψk deﬁned in ().
Lemma  Let δ˜ > . The function
τ → ψk (τ ,m, ) :=Ldq;/κ
(
h → ψk (h,m, )
)
(τ ) = 
πq/κ
∫
Ld
ψk (u,m, )
q/κ ( uτ )
du
u ()
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is analytic in the set Rd,δ˜ . Moreover, the function (τ ,m) → ψk (τ ,m, ) is continuous for
m ∈ R and τ ∈ Rd,δ˜ and depends holomorphically on  ∈ D(, ). Moreover, there exist
Cψk >  and ν ∈R such that
∣∣ψk (τ ,m, )
∣∣ ≤ Cψk e–β|m|
(
 + |m|)–μ exp
(k log |τ |
 log(q) + ν log |τ |
)
()
for every τ ∈Rd,δ˜ ,m ∈R and  ∈D(, ).
Proof We ﬁrst rewrite ().
Direct calculations allow us to aﬃrm the existence of a constant C, only depending on
δ, such that
k log |τ + δ|
 log(q) + α log |τ + δ| ≤
k log |τ |
 log(q) + α log |τ | +C
for every τ ∈ Sd . This entails () can be rewritten in the form
∣∣ψk (τ ,m, )
∣∣ ≤ C˜ψk
e–β|m|
( + |m|)μ exp
(k log |τ |
 log(q) + α log |τ |
)
()
for some constant C˜ψk > . We recall that k ≤ κ (see ()) so that
∣∣ψk (τ ,m, )
∣∣ ≤ C˜ψk
e–β|m|
( + |m|)μ exp
(
κ log |τ |
 log(q) + α log |τ |
)
. ()
This remains valid for all  ∈D(, ), τ ∈Ud andm ∈R. Moreover, for every τ ∈D(,ρ),
the functions log |τ + δ| and log |τ + δ| are bounded from above. As a consequence, there
exists Cˇψk >  such that
∣∣ψk (τ ,m, )
∣∣ ≤ Cˇψk ()
for every  ∈ D(, ), τ ∈ D(,ρ) and m ∈ R. In view of () and () one can follow
the construction described in Deﬁnition  in order to aﬃrm that ψk is well deﬁned as
considered in (). More precisely, given δ˜ > , (τ ,m, ) → ψk (τ ,m, ) turns out to be a
continuous and bounded function deﬁned in (Rd,δ˜ ∩D(, r))×R×D(, ) for any  ≤
r ≤ q(/–α)/κ/ and holomorphic with respect to τ variable inRd,δ˜ ∩D(, r). In addition
to that, from () and () one has
∣∣Ldq;/κ
(
h → ψk (h,m, )
)
(τ )
∣∣
=
∣∣∣∣

πq/κ
∫
Ld
ψk (u,m, )
q/κ ( uτ )
du
u
∣∣∣∣
≤ C˜ψk e
–β|m||τ |/
( + |m|)μCq,κ δ˜πq/κ
∫ ∞

exp
(k log(r)
 log(q) + α log(r)
)
× 
exp( κ log
( r|τ | )
 log(q) )r/
dr
r ()
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for every τ such that | + reid
τ
| > δ˜ for all r ≥ ,m ∈R and  ∈D(, ). One has
rα–/ exp
(k log r
 log(q) –
κ log(r/|τ |)
 log(q)
)
= rα–/+
κ log |τ |
log(q) exp
(
–(κ – k) log
(r)
 log(q) –
κ log |τ |
 log(q)
)
.
This last equality and () allow us to write
∣∣Ldq;/κ
(
ψk (h,m, )
)
(τ )
∣∣
≤ C˜ψk e
–β|m||τ |/
( + |m|)μCq,κ δ˜πq/κ
exp
(
–κ log
 |τ |
 log(q)
)
×
∫ ∞

rα–/+
κ log |τ |
log(q) exp
(
–(κ – k) log
(r)
 log(q)
)
dr. ()
Let τ be chosen as above. We putm = α –/+ κ log |τ |log(q) ,m =m + /,m =m +  and
m = κ–k log(q) , and study
∫ ∞

rme–m log(r) dr =
∫ 


r/ r
me–m log(r) dr +
∫ ∞


r r
me–m log(r) dr.
For j = , , the function x → hj(x) = xmj exp(–m log(x)) attains its maximum value
for x ∈ [,∞) at xj = exp( mjm ). One has h(xj) = exp(
mj
m ). Direct calculations show the
existence of real constants C, C, with C > , only depending on k, k, q, such that
∫ ∞

rme–m log(r) dr ≤ C|τ |C exp
(
κ log |τ |
 log(q)(κ – k)
)
.
Hence, () is estimated from above by
C
C˜ψk e
–β|m||τ |/+C
( + |m|)μ exp
(
–κ log
 |τ |
 log(q)
)
exp
(
κ log |τ |
 log(q)(κ – k)
)
for some C >  only depending on k, k, q.
Then () follows from the fact that
–κ + κ

κ – k
= k
and by taking ν = / +C. 
4.2 Analytic solutions for an auxiliary problem arising from the action of the
formal q-Borel transform of order k2
In the previous section, we have studied the problem arising from the application of the
formal q-Borel transform of order k to equation (). As a second step, we study a second
auxiliary equation coming from the application of the formal q-Borel transform of order
k to equation ().
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For that purpose, we multiply both sides of equality () by Tk to get
Q(im)TkσqU(T ,m, )
= TdD+kσ
dD
k
+
q RD(im)U(T ,m, )
+
D–∑
=
(∑
λ∈I
Tdλ,+kλ,–dλ, (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)
×U(qδT ,m, 
)
dm
)
+ TkσqF(T ,m, ). ()
We take formal q-Borel transform of order k at both sides of the previous equation. By
means of the property held by formal q-Borel transform described in Proposition , we
get
Q(im) τ
k
(q/k )k(k–)/ wˆk (τ ,m, )
= RD(im)
τ dD+k
(q/k )(dD+k)(dD+k–)/ wˆk (τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,+k
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(
Cλ,(m, ) ∗R wˆk (τ ,m, )
))
+ τ
k
(q/k )k(k–)/ ψˆk (τ ,m, ), ()
where
wˆk (τ ,m, ) := Bˆq;/k
(
U(T ,m, )
)
(τ ), ψˆk (τ ,m, ) := Bˆq;/k
(
F(T ,m, )
)
(τ ).
It is worth mentioning that we have assumed a q-Gevrey growth of order k related
to the elements (Fn(m, ))n≥ (see ()). From the fact that k > k, one can only aﬃrm
that ψˆk (τ ,m, ) is a formal power series in τ , with coeﬃcients in the space E(β ,μ). This
point is crucial to understand the cause of coming up to two diﬀerent q-Borel-Laplace
transformations to attain our aims.
We now proceed to substitute this formal element with an acceleration of ψk , named
ψk , constructed in Lemma  and solve the equation arising from this substitution. Heuris-
tically speaking, an excessive type of growth in the transformation of length k is reduced
in two steps: the ﬁrst one related to k (k < k) and the second step accelerating up to k.
The splitting of the problem will help us to attain convergence.
Following this plan, we now consider equation () in which ψˆk is substituted with ψk
constructed in Lemma . Namely, we study the equation
Q(im) τ
k
(q/k )k(k–)/wk (τ ,m, )
= RD(im)
τ dD+k
(q/k )(dD+k)(dD+k–)/wk (τ ,m, )
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+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,+k
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(
Cλ,(m, ) ∗R wk (τ ,m, )
))
+ τ
k
(q/k )k(k–)/ψk (τ ,m, ). ()
We now make these assumptions on RD and Q. Let ηQ,RD >  and dQ,RD ∈R such that
Q(im)
RD(im)
∈ SQ,RD , m ∈R, ()
where SQ,RD is the unbounded set
SQ,RD =
{
z ∈C : |z| ≥ rQ,RD ,
∣∣arg(z) – dQ,RD
∣∣ ≤ ηQ,RD
}
.
We consider the polynomial
Pm(τ ) =
Q(im)
(q/k )k(k–)/ –
RD(im)
(q/k )
(dD+k)(dD+k–)

τ dD ()
and factorize it
Pm(τ ) = –
RD(im)
(q/k )
(dD+k)(dD+k–)

dD–∏
l=
(
τ – ql(m)
)
,
with
ql(m) =
( |Q(im)|
|RD(im)|
(
q/k
) (dD+k)(dD+k–)–k(k–)

)/dD
× exp
(√
–
( 
dD
arg
( Q(im)
RD(im)
)
+ π ldD
))
for every ≤ l ≤ dD – . Moreover, we establish some conditions on SQ,RD with respect to
Sd andRbd . Indeed, let ρ >  such thatRbd ⊆D(,ρ) and assume the following.
() There existsM >  such that
∣∣τ – ql(m)
∣∣ ≥M
(
 + |τ |) ()
for every  ≤ l ≤ dD – , all m ∈ R and τ ∈ Sd ∪ D(,ρ). Indeed, in view of () and the
shape of q, one may choose rQ,RD so that |ql(m)| > ρ for every m ∈R, ≤ l ≤ dD – . In
addition to that, q(m) is a root of Pm(τ ). This entails
q(m)dD =
Q(im)
RD(im)
(
q/k
) (dD+k)(dD+k–)–k(k–)
 ∈ SQ,RD
for every m ∈ R, in view of (). As a matter of fact, one can choose small enough ηQ,RD
so that every q(m) lies in a ﬁnite family of inﬁnite sectors with vertex at the origin and
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such that there exists d ∈R so that Sd does have empty intersection with all such inﬁnite
sectors.
Under these assumptions, one can choose Sd under the property that ql(m)/τ does not
belong to some open disc centered at  for every  ≤ l ≤ dD – , τ ∈ Sd and m ∈ R. This
conﬁguration guarantees () is fulﬁlled.
() There existM >  and l ∈ {, . . . ,dD – } such that
∣∣τ – q (m)
∣∣ ≥M
∣∣ql (m)
∣∣ ()
for every m ∈ R and τ ∈ Sd ∪D(,ρ). Under assumption (), we notice that for any ﬁxed
≤ l ≤ dD – , the quotient τ /ql (m) has positive distance to  for every τ ∈D(,ρ)∪ Sd ,
andm ∈R. This implies () for some small enoughM.
Under the previous situation, one derives
∣∣Pm(τ )
∣∣ ≥ MdD– M
|RD(im)|
(q/k )
(dD+k)(dD+k–)

×
( |Q(im)|
|RD(im)|
(
q/k
) (dD+k)(dD+k–)–k(k–)

)/dD(
 + |τ |)dD–
≥ CP(rQ,RD )/dD
∣∣RD(im)
∣∣( + |τ |)dD– ()
for some positive constant CP , valid for every τ ∈D(,ρ)∪ Sd andm ∈R.
LetRbd be a bounded sector with vertex at  and bisecting direction d. We assumeRbd ⊆
D(,ρ).
Proposition  Let  > . Under the hypotheses made at the beginning of Section  on
the elements involved in the construction of equation (), under assumptions () and ()
above, if there exist small enough positive constants ζψk , ζλ, for  ≤  ≤ D –  and λ ∈ I
such that
C˜λ, ≤ ζλ,, Cψk ≤ ζψk , ()
then, for every  ∈D(, ), equation () admits a unique solution wdk (τ ,m, ) in the space
Expd(k,β ,μ,ν) for ν ∈ R determined in (). Moreover, ‖wdk (τ ,m, )‖(k,β ,μ,ν) ≤  , and this
function is holomorphic with respect to  in D(, ).
Proof We recall that C˜λ, and Cψk are stated in () and (), respectively.
Let  ∈D(, ). We consider the mapHk deﬁned by
Hk
(
w(τ ,m)
)
:= Pm(τ )
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,σ
δ–
dλ,
k
–
q
(q/k )(dλ,+k)(dλ,+k–)/
× (π )/
(
Cλ,(m, ) ∗R w(τ ,m)
))
+ (q/k )k(k–)/

Pm(τ )
ψk (τ ,m, ). ()
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Let  > , and take w(τ ,m) ∈ Expd(k,β ,μ,ν) with ‖w(τ ,m)‖(k,β ,μ,ν) ≤  . For every ≤  ≤
D –  and λ ∈ I, we write
λ,–dλ,
Pm(τ )
τ dλ,σ
δ–
dλ,
k
–
q
(
Cλ,(m, ) ∗R w(τ ,m)
)
= 
λ,–dλ,
CP(rQ,RD )/dD
CP(rQ,RD )/dDRD(im)
Pm(τ )
τ dλ,σ
δ–
dλ,
k
–
q
× RD(im)
(
Cλ,(m, ) ∗R w(τ ,m)
)
. ()
In view of the properties described at the beginning of Section , one can apply Propo-
sition  to obtain that
∥∥∥∥

RD(im)
(
Cλ,(m, ) ∗R w(τ ,m)
)∥∥∥∥
(k,β ,μ,ν)
≤ C˜‖Cλ,‖(β ,μ)
∥∥w(τ ,m)
∥∥
(k,β ,μ,ν) ≤ C˜C˜λ, ()
for some C˜ > , valid for every ≤  ≤D –  and all λ ∈ I. Let γ in Proposition  be the
value dD –  and put aγ (τ ) :=
CP(rQ,RD )
/dDRD(im)
Pm(τ ) . From () one has |aγ (τ )| ≤ (+|τ |)dD– for
every τ ∈ Sd ∪Rbd andm ∈R. In addition to this, and bearing in mind (), one can apply
Proposition  to conclude that
∥∥∥∥
CP(rQ,RD )/dDRD(im)
Pm(τ )
τ dλ,σ
δ–
dλ,
k
–
q

RD(im)
(
Cλ,(m, ) ∗R w(τ ,m)
)∥∥∥∥
(k,β ,μ,ν)
is bounded above by
C˜
∥∥∥∥

RD(im)
(
Cλ,(m, ) ∗R w(τ ,m)
)∥∥∥∥
(k,β ,μ,ν)
≤ C˜C˜C˜λ, ≤ C˜C˜ζλ, .
We observe that, without loss of generality, one can assume that Sd ⊆Rd,δ˜ .
Furthermore, as a consequence of () and (), and taking into account that ψk ∈
Expd(k,β ,μ,ν) in view of (), one has
∥∥∥∥

Pm(τ )
ψk (τ ,m, )
∥∥∥∥
(k,β ,μ,ν)
≤ CP(rQ,RD )/dD
sup
m∈R

|RD(im)|
∥∥ψk (τ ,m, )
∥∥
(k,β ,μ,ν)
≤ CP(rQ,RD )/dD
sup
m∈R

|RD(im)|Cψk
≤ CP(rQ,RD )/dD
sup
m∈R

|RD(im)|ζψk .
The previous estimates allow us to aﬃrm that
∥∥Hk
(
w(τ ,m)
)∥∥
(k,β ,μ,ν) ≤
C˜C˜
CP(rQ,RD )/dD (π )/

D–∑
=
∑
λ∈I
ζλ,
λ,–dλ,

(q/k )(dλ,+k)(dλ,+k–)/
+ (q/k )k(k–)/

CP(rQ,RD )/dD
sup
m∈R

|RD(im)|ζψk .
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We choose ζψk , ζλ, for every ≤  ≤D –  and λ ∈ I such that
C˜C˜
CP(rQ,RD )/dD (π )/
D–∑
=
∑
λ∈I
ζλ,
λ,–dλ,

(q/k )(dλ,+k)(dλ,+k–)/ ≤

 ,

(q/k )k(k–)/

CP(rQ,RD )/dD
sup
m∈R

|RD(im)|ζψk ≤

 .
This yields ‖Hk (w(τ ,m))‖(k,β ,μ,ν) ≤  . The operator Hk (w(τ ,m)) maps D(, ) ⊆
Expd(k,β ,μ,ν) into itself. Let w

k ,w

k ∈ Expd(k,β ,μ,ν), with ‖w
j
k‖(κ ,β ,μ,ν) ≤  for j = , .
Following analogous calculations as before, we arrive at
∥∥Hk
(
wk (τ ,m)
)
–Hk
(
wk (τ ,m)
)∥∥
(k,β ,μ,ν)
≤ C˜C˜CP(rQ,RD )/dD (π )/
D–∑
=
∑
λ∈I
ζλ,
λ,–dλ,
 ‖wk (τ ,m) –wk (τ ,m)‖(k,β ,μ,ν)
(q/k )(dλ,+k)(dλ,+k–)/ .
We choose ζλ, for every ≤  ≤D –  and λ ∈ I such that
C˜C˜
CP(rQ,RD )/dD (π )/
D–∑
=
∑
λ∈I
ζλ,
λ,–dλ,

(q/k )(dλ,+k)(dλ,+k–)/ ≤


and conclude
∥∥Hk
(
wk (τ ,m)
)
–Hk
(
wk (τ ,m)
)∥∥
(k,β ,μ,ν) ≤


∥∥wk (τ ,m) –w

k (τ ,m)
∥∥
(k,β ,μ,ν).
The closed disc D(, ) ⊆ Expd(k,β ,μ,ν) is a complete metric space for the norm
‖ · ‖(k,β ,μ,ν). The previous reasoning leads to the conclusion that the operatorHk is a con-
tractive map from D(, ) into itself. The classical contractive mapping theorem states
the existence of a unique ﬁxed point, say wdk (τ ,m, ). Moreover, w
d
k (τ ,m, ) is a solution
of (), and also the holomorphy of wdk (τ ,m, ) with respect to  is attained by construc-
tion. 
The next result provides the link between the acceleration of wdk , obtained in Proposi-
tion , and wdk determined in Proposition . Indeed, we prove they coincide as elements
in an appropriate Banach space.
Proposition  Let us consider the function wdk (τ ,m, ), constructed in Proposition ,
solving (). For every δ˜ > , the function
τ →Ldq;/κ
(
wdk (τ ,m, )
)
:=Ldq;/κ
(
h → wdk (h,m, )
)
(τ ) = 
πq/κ
∫
Ld
wdk (h,m, )
q/κ ( uτ )
du
u
deﬁnes a bounded holomorphic function in Rd,δ˜ ∩ D(, r), with  < r ≤ q(

 –α)/κ/ (we
recall α ∈ R is ﬁxed at the beginning of Section ). Moreover, for every  ∈ D(, ), the
identity
Ldq;/κ
(
wdk
)
(τ ,m, ) = wdk (τ ,m, ) ()
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holds for τ ∈ Sbd , m ∈ R and  ∈ D(, ), where ρ˜ >  and Sbd is a ﬁnite sector of bisecting
direction d.
Proof We recall wdk ∈ Expd(κ ,β ,μ,α,ρ), which implies there exists Cwk >  such that
∥∥wdk (τ ,m, )
∥∥
(β ,μ) ≤ Cwk exp
(
κ log |τ + δ|
 log(q) + α log |τ + δ|
)
for every τ ∈ D(,ρ) ∪ Ud ,  ∈ D(, ). Direct calculations entail the existence of
Cwk ,C

wk
>  such that
∥∥wdk (τ ,m, )
∥∥
(β ,μ) ≤ Cwk
for every τ ∈D(,ρ) and
∥∥wdk (τ ,m, )
∥∥
(β ,μ) ≤ Cwk exp
(
κ log |τ |
 log(q) + α log |τ |
)
for every τ ∈Ud with |τ | ≥ ρ . Deﬁnition  and Lemma  guarantee that for every δ˜ >  the
function Ldq;/κ (wdk (τ ,m, )) deﬁnes a bounded holomorphic function inRd,δ˜ ∩D(, r) for
 < r ≤ q(  –α)/κ/ and values in the space E(β ,μ).
We now give the proof of identity (). For this purpose, we consider equation () sat-
isﬁed by wdk (τ ,m, ) and divide both sides by τ
k . One has
Q(im) (q/k )k(k–)/w
d
k (τ ,m, )
= τ
dD
(q/k )(dD+k)(dD+k–)/ σ
–dD/κ
q RD(im)wdk (τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(
Cλ,(m, ) ∗R wdk (τ ,m, )
))
+ (q/k )k(k–)/ψk (τ ,m, ). ()
We now take q-Laplace transform of order κ and direction d at both sides of (). In
view of Proposition , one has
Ldq;/κ
(
τ dDσ –dD/κq wdk (τ ,m, )
)
=
(
q/κ
)dD(dD–)/τ dDLdq;/κ
(
wdk (τ ,m, )
)
. ()
Also, for every ≤  ≤D –  and λ ∈ I, one has
Ldq;/κ
(
τ dλ,σ
δ–
dλ,
k
–
q
(
Cλ,(m, ) ∗R wdk (τ ,m, )
))
=
(
q/κ
)dλ,(dλ,–)/τ dλ,σ
– dλ,k +δ–q Ldq;/κ
(
Cλ,(m, ) ∗R wdk (τ ,m, )
)
. ()
We now proceed to justify the change in the order of integration in the expression
Ldq;/κ
(
Cλ,(m, ) ∗R wdk (τ ,m, )
)
.
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For everym ∈R and r ≥ , we deﬁne the function
(m, r) → (m, r) :=
Cλ,(m –m)R(im)wdk (re
id,m, )
q/κ ( re
id
τ
)r
for τ ∈Rd,δ˜ ∩D(, r),m ∈R and  ∈D(, ).
Taking into account (), Proposition  and (), one has
∣∣(m, r)
∣∣ ≤ C˜λ,e
–|m–m|β |R(im)|e–β|m|
Cq,κ ( + |m –m|)μ( + |m|)μ
 |τ |/
r/δ˜
exp( κ log |reid+δ| log(q) + α log |reid + δ|)
exp( κ log
( r|τ | )
 log(q) )
form ∈R, r ≥ .
Integrability follows from identical reasoning as that were applied at () regarding in-
tegrability with respect to variable m, and the next estimates on the expression
exp( κ log |reid+δ| log(q) + α log |reid + δ|)
r/ exp( κ log
( r|τ | )
 log(q) )
. ()
On the one hand, if r > ρ , then () is bounded above by
r–/(r + δ)α exp
(
κ log(r + δ)
 log(q) –
κ log( r|τ | )
 log(q)
)
= e–
κ log |τ |
 log(q) r–/(r + δ)α exp
(
κ(log(r + δ) – log(r))
 log(q) +
κ log(r) log |τ |
log(q)
)
.
There exists C >  such that log(r + δ) – log(r) ≤ C for every r > ρ , and under the
assumption that |τ | < r, the term r–/(r + δ)α exp( κ log(r) log |τ |log(q) ) is upper bounded by r–.
This yields integrability of () with respect to r.
On the other hand, if ≤ r ≤ ρ , () is estimated from above by Cr–/ exp(– κ log
( r|τ | )
 log(q) )
for some C > . This function is rewritten in the form
Cr–/ exp
(
–κ log
(r)
 log(q)
)
exp
(
–κ log
 |τ |
 log(q)
)
exp
(
κ log(ρ) log |τ |
log(q)
)
,
which is integrable with respect to r, for r ∈ [,ρ].
The function (m, r) is integrable in R × [,∞) for τ ∈ Rd,δ˜ ∩ D(, r), m ∈ R and
 ∈D(, ). One can apply Fubini’s theorem to conclude that
Ldq;/κ
(
Cλ,(m, ) ∗R wdk (τ ,m, )
)
= Cλ,(m, ) ∗R Ldq;/κ
(
wdk
)
(τ ,m, ), ()
τ ∈Rd,δ˜ ∩D(, r),m ∈R and  ∈D(, ).
By means of (), (), () and () one obtains that () is transformed from the ap-
plication of q-Laplace transform of order κ along direction d into
Q(im)
Ldq;/κ (wdk )(τ ,m, )
(q/k )k(k–)/
= (q
/κ )dD(dD–)/
(q/k )(dD+k)(dD+k–)/ τ
dDRD(im)Ldq;/κ
(
wdk
)
(τ ,m, )
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+
D–∑
=
(∑
λ∈I
λ,–dλ, (q/κ )dλ,(dλ,–)/
(q/k )(dλ,+k)(dλ,+k–)/
τ dλ,σ
– dλ,k +δ–q
(π )/
× (Cλ,(m, ) ∗R Ldq;/κ
(
wdk
)
(τ ,m, )
))
+ (q/k )k(k–)/ψk (τ ,m, ). ()
We multiply both sides of the equation by τ k (q/k )k(k–)/(q/k )–k(k–)/ to obtain
Q(im)
τ kLdq;/κ (wdk )(τ ,m, )
(q/k )k(k–)/
= A(k,k,κ ,dD)τ dD+kRD(im)Ldq;/κ
(
wdk
)
(τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,B(k,k,κ ,dλ,)
τ dλ,σ
– dλ,k +δ–q
(π )/
× (Cλ,(m, ) ∗R Ldq;/κ
(
wdk
)
(τ ,m, )
))
+ τ
k
(q/k )k(k–)/ψk (τ ,m, ), ()
where
A(k,k,κ ,dD) =
(q/k )k(k–)/(q/κ )dD(dD–)/
(q/k )k(k–)/(q/k )(dD+k)(dD+k–)/
and
B(k,k,κ ,dλ,)
(q/k )k(k–)/(q/κ )dλ,(dλ,–)/
(q/k )k(k–)/(q/k )(dλ,+k)(dλ,+k–)/
for every ≤  ≤D –  and λ ∈ I.
Standard computations allow us to prove that
A(k,k,κ ,dD) =
(
q/k
)–(dD+k)(dD+k–)/,
B(k,k,κ ,dλ,) =
(
q/k
)–(dλ,+k)(dλ,+k–)/.
Taking these values into (), we observe that
Q(im)
τ kLdq;/κ (wdk )(τ ,m, )
(q/k )k(k–)/
= RD(im)
τ dD+kLdq;/κ (wdk )(τ ,m, )
(q/k )(dD+k)(dD+k–)/
+
D–∑
=
(∑
λ∈I
λ,–dλ,τ dλ,+kσ
δ–
dλ,
k
–
q
(q/k )(dλ,+k)(dλ,+k–)/

(π )/
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× (Cλ,(m, ) ∗R Ldq;/κ
(
wdk
)
(τ ,m, )
))
+ τ
k
(q/k )k(k–)/ψk (τ ,m, ) ()
recovering equation (). This yields Ldq;/κ (wdk )(τ ,m, ) is a solution of () for (τ ,m, ) ∈
(Rd,δ˜ ∩D(, r))×R×D(, ).
Let Sbd be a bounded sector of bisecting direction d such that Sbd ⊆ (Rd,δ˜ ∩D(, r))∩ Sd .
We recall this is always possible from the deﬁnition ofRd,δ˜ . One ﬁrstly observes that both
Ldq;/κ (wdk )(τ ,m, ) and wdk (τ ,m, ) are continuous complex functions deﬁned on Sbd ×R×
D(, ) and holomorphic with respect to τ (resp. ) on Sbd (resp. D(, )). This assertion
can be checked when regarding wdk (τ ,m, ) in Proposition , and for Ldq;/κ (wdk )(τ ,m, )
from the properties which are endowed by this function from wdk (τ ,m, ) which were
pointed out in Proposition .
Let  ∈ D(, ) and put  = min{α,ν}, where ν is stated in Lemma . We deﬁne the
auxiliary Banach spaceH(β ,μ,k,) consisting of all continuous complex functions (τ ,m) →
h(τ ,m), deﬁned on Sbd ×R, holomorphic with respect to τ variable in Sbd , such that
∥∥h(τ ,m)
∥∥
H(β ,μ,k,)
:= sup
τ∈Sbd ,m∈R
(
 + |m|)μeβ|m| exp
(
–k log
 |τ |
 log(q) – log |τ |
)∣∣h(τ ,m)
∣∣
< ∞.
We observe that, for every  ∈D(, ), Ldq;/κ (wdk )(τ ,m, ) belongs to H(β ,μ,k,) because
sup
τ∈Rd,δ˜∩D(,r)
∥∥Ldq;/κ
(
wdk
)
(τ ,m, )
∥∥
(β ,μ) <∞.
This implies the existence of positive constants BL(w), CL(w) such that
∣∣Ldq;/κ
(
wdk
)
(τ ,m, )
∣∣ ≤ BL(w)
(
 + |m|)–μe–β|m|
≤ CL(w)
(
 + |m|)–μe–β|m| exp
(k log |τ |
 log(q) + log |τ |
)
for all τ ∈ Sdb , m ∈ R. Also, wdk (τ ,m, ) belongs to H(β ,μ,k,) in view of (), and also
ψk (τ ,m, ) belongs to H(β ,μ,k,) taking into account ().
We conclude the proof of () by demonstrating that the operator Hk deﬁned in ()
admits a unique ﬁxed point when restricted to the elements in a certain closed disc in
H(β ,μ,k,), whilstLdq;/κ (wdk )(τ ,m, ) andwdk (τ ,m, ) are both ﬁxed points belonging to that
closed disc in H(β ,μ,k,).
For that purpose, one can state analogous results as Lemma , Proposition  and Propo-
sition  when considering the Banach spaceH(β ,μ,k,). This result follows exact arguments
as there, so we omit the details. One can reproduce the same steps as in the proof of Propo-
sition  to conclude that if there exist small enough positive constants ζψk and ζλ, for
≤  ≤D –  and λ ∈ I such that () holds, then equation () admits a unique solution
in the spaceH(β ,μ,k,). Bearing in mind that Ldq;/κ (wdk )(τ ,m, ) and wdk (τ ,m, ) both solve
() and belong toB(, )⊆H(β ,μ,k,), they both coincide in the domain Sbd×R×D(, ),
and the result follows. 
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Corollary  Under the hypotheses made on Proposition , for every m ∈ R and  ∈
D(, ), the function τ → Ldq;/κ (wdk (τ ,m, )), holomorphic and bounded on the domain
Rd,δ˜ ∩ D(, r), can be analytically prolonged to an inﬁnite sector of bisecting direction d,
Sd , and there exists Cwk >  such that
∣∣Ldq;/κ
(
wdk (τ ,m, )
)∣∣ ≤ Cwk
(
 + |m|)–μe–β|m| exp
(k log |τ |
 log(q) + ν log |τ |
)
()
for every τ ∈ Sd . Here, ν is obtained in Lemma . In addition to that, the extension is con-
tinuous for (m, ) ∈R×D(, ) and holomorphic with respect to  ∈D(, ).
5 Analytic solutions of a linear q-difference-differential equation
Let k, k, D be positive integers such that k < k and D≥ . Let κ >  be deﬁned by ().
Let q ∈R with q >  and assume that for every ≤  ≤D– , I is a ﬁnite nonempty subset
of nonnegative integers.
Let dD ≥  be an integer. For every  ≤  ≤ D – , we consider an integer δ ≥ . In
addition, for each λ ∈ I, we choose integers dλ, ≥ , λ, ≥ . We make the assumption
that
δ = , δ < δ+ ()
for every ≤  ≤D – .
We assume that
λ, ≥ dλ,, dλ,k + ≥ δ,
dD – 
k
+ ≥ δ ()
for every ≤  ≤D –  and all λ ∈ I. Let Q,R ∈C[X] with
deg(Q)≥ deg(RD)≥ deg(R), Q(im) = , RD(im) =  ()
for all ≤  ≤D –  andm ∈R.
We require the existence of an unbounded sector
SQ,RD =
{
z ∈C : |z| ≥ rQ,RD ,
∣∣arg(z) – dQ,RD
∣∣ ≤ ηQ,RD
}
for some rQ,RD ,ηQ,RD >  such that
Q(im)
RD(im)
∈ SQ,RD , m ∈R. ()
Deﬁnition  Let ς ≥  be an integer. Let Ep be an open sector with vertex at the origin
and radius  for every ≤ p≤ ς –  and such that Ej ∩ Ek = ∅ for every ≤ j,k ≤ ς –  if
and only if |j–k| ≤  (under the notation Eς := E) and such that⋃ς–p= Ep = U \{} for some
neighborhood of the origin U . A family (Ep)≤p≤ς– satisfying these properties is known
as a good covering in C.
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Deﬁnition  Let (Ep)≤p≤ς– be a good covering in C. Let T be an open bounded sector
with vertex at  and radius rT > . We make the assumption that
 < , rT < , ν +
k
log(q) log(rT ) < ,
α + κ
log(q) log(rT ) < , rT ≤ q
(  –ν)/k/
()
for ν constructed in Lemma .
We consider a family of unbounded sectors Udp with bisecting direction dp ∈ R and a
family of open domainsRbdp :=Rdp ,δ˜ ∩D(, rT ), where
Rdp ,δ˜ =
{
T ∈C :
∣∣∣∣ +
eidp
T r
∣∣∣∣ > δ˜ for every r ≥ 
}
.
We assume dp, ≤ p≤ ς –, are chosen so that some conditions are satisﬁed. In order to
enumerate them,we denote by q(m) the roots of the polynomial Pm(τ ) deﬁned in ().We
take an unbounded sector with vertex at  and bisecting direction dp, Sdp ,  ≤ p ≤ ς – ;
and we choose ρ >  such that:
() There existsM >  such that () holds for all m ∈R, τ ∈ Sdp ∪D(,ρ), all
≤ p≤ ς –  and all ≤ l ≤ dD – .
() There existM >  and l ∈ {, . . . ,dD – } such that () holds for every m ∈R,
τ ∈ Sdp ∪D(,ρ), and all ≤ p≤ ς – .
() For every ≤ p≤ ς – , we haveRbdp ∩Rbdp+ = ∅, and for all t ∈ T and  ∈ Ep, we
have that t ∈Rbdp . Here we have putRbdς :=Rbd .
The family {(Rdp ,δ˜)≤p≤ς–,D(,ρ),T } is said to be associated to the good covering
(Ep)≤p≤ς–.
We consider a good covering (Ep)≤p≤ς– and a family {(Rdp ,δ˜)≤p≤ς–,D(,ρ),T } asso-
ciated to it. For every ≤ p≤ ς – , we study the next q-diﬀerence-diﬀerential equation
Q(∂z)σqudp (t, z, ) = (t)dDσ
dD
k
+
q RD(∂z)udp (t, z, )
+
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)udp (t, z, )
)
+ σqf dp (t, z, ). ()
The operator σq acts on variable t. The coeﬃcients cλ,(z, ) with ≤  ≤D– and λ ∈ I,
and the forcing term f dp (t, z, ) are constructed as follows. For every  ≤  ≤ D –  and
λ ∈ I and every integer n≥ , we consider the functionsm → Cλ,(m, ) andm → Fn(m, )
belonging to the space E(β ,μ) for some β >  and μ > deg(RD) + . We assume that all these
functions depend holomorphically on  ∈ D(, ). Moreover, we assume that there exist
C˜λ,,CF >  such that () and () hold for all ≤  ≤D– , λ ∈ I, n≥  and  ∈D(, ).
Then we put
cλ,(z, ) =F–
(
m → Cλ,(m, )
)
(z), ()
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which, for every  ≤  ≤ D – , λ ∈ I, deﬁnes a bounded holomorphic function on Hβ ′ ×
D(, ) for any  < β ′ < β . We assume that the formal power series
ψk (τ ,m, ) =
∑
n≥
Fn(m, )
τ n
(q/k ) n(n–)
,
which is convergent on the disc D(,ρ), can be analytically continued with respect to τ
as a function τ → ψdpk (τ ,m, ) on an inﬁnite sector Udp of bisecting direction dp, and
ψ
dp
k (τ ,m, ) ∈ Exp
dp
(k,β ,μ,α,ρ) for some α > , and such that there exists ζψk >  with
∥∥ψdpk (τ ,m, )
∥∥
(k,β ,μ,α,ρ) ≤ ζψk , ()
which does not depend on  ∈D(, ). Lemma  guarantees that the function
ψ
dp
k (τ ,m, ) :=L
dp
q;/κ
(
h → ψdpk (h,m, )
)
(τ )
is an element of the space Expdp(k,β ,μ,ν) for some ν ∈R.
Moreover, we get a constant ζψk >  with
∥∥ψdpk (τ ,m, )
∥∥
(k,β ,μ,ν) ≤ ζψk ()
for every  ∈ D(, ). Without loss of generality, one can reduce the opening of sector
Sdp so that it might be considered the corresponding one involved in the deﬁnition of the
space Expdp(k,β ,μ,ν). In view of the proof of Lemma , the constant ζψk depends on ζψk in
such a way that ζψk (ζψk )→  when ζψk tends to . One can apply q-Laplace transform of
order k to the function ψ
dp
k in τ variable and in direction dp, and obtain that the function
Fdp (T ,m, ) :=Ldpq;/k
(
τ → ψdpk (τ ,m, )
)
(T), ()
is a holomorphic function with respect to T variable in the set Rdp ,δ˜ ∩ D(, r) for any
 < r ≤ q(  –ν)/k/.
We deﬁne the forcing term f dp (t, z, ) by
f dp (t, z, ) :=F–(m → Fdp (t,m, ))(z), ()
which turns out to be a bounded holomorphic function deﬁned on T ×Hβ ′ ×Ep provided
that () holds.
The next results provide estimates of the diﬀerence of two consecutive solutions of equa-
tion () with respect to the perturbation parameter. They can be of two diﬀerent natures
depending on the existence or not of singularities of some auxiliary equation in between
the integration lines where the solutions of () are constructed. This phenomenon, stud-
ied in the sequel, turns out to be the reason for diﬀerent levels to appear on the asymptotic
behavior of the solution with respect to the perturbation parameter.
We ﬁrst describe the procedure to solve equation () and the nature of its solution,
crucial in the asymptotic behavior to be described afterwards.
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Theorem  Under the construction made at the beginning of Section , assume that con-
ditions (), (), () and () hold. Let (Ep)≤p≤ς– be a good covering in C, for which a
family {(Rdp ,δ˜)≤p≤ς–,D(,ρ),T } associated to this covering is considered.
Then there exist large enough rQ,RD and constants ζψ >  and ζλ, >  for  ≤  ≤ D – 
and λ ∈ I such that if
C˜F ≤ ζψ , C˜λ, ≤ ζλ,,
then, for every ≤ p≤ ς – , one can construct a solution udp (t, z, ) of (), which deﬁnes
a holomorphic function on T ×Hβ ′ × Ep for every  < β ′ < β .
Proof Let ≤ p≤ ς –  and consider the equation
Q(im)σqUdp (T ,m, )
= TdDσ
dD
k
+
q RD(im)Udp (T ,m, )
+
D–∑
=
(∑
λ∈I
Tdλ,λ,–dλ, (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)
×Udp(qδT ,m, 
)
dm
)
+ σqFdp (T ,m, ). ()
Under an appropriate choice of the constants ζψ and ζλ, for all  ≤  ≤ D –  and λ ∈ I,
one can follow the constructions in Section  and the properties of q-Laplace transfor-
mation described in Proposition  in order to apply Proposition  and obtain a solution
Udp (T ,m, ) of (). This function can be written as the q-Laplace transform of order k
in the form
Udp (T ,m, ) = 
πq/k
∫
Lγp
wdpk (u,m, )
q/k ( uT )
du
u , ()
where Lγp = R+e
√
–γp ⊆ Sdp ∪ {} is a half-line with direction depending on T . Here,
wdpk (τ ,m, ) deﬁnes a continuous function on (Rbdp ∪Sdp )×R×D(, ), which is holomor-
phic with respect to (τ , ) in (Rbdp ∪ Sdp )×D(, ) for every m ∈R. Moreover, it satisﬁes
the fact that there exists Cwdpk
>  such that
∣∣wdpk (τ ,m, )
∣∣ ≤ Cwdpk

( + |m|)μ e
–β|m| exp
(k log |τ |
 log(q) + ν log |τ |
)
()
for some ν ∈R. This is valid for τ ∈Rbdp ∪Sdp ,m ∈R and  ∈D(, ). Taking into account
Proposition , the function wdpk (τ ,m, ) is the analytic continuation with respect to τ
variable of the function given by
τ → 
πq/κ
∫
L
γ p
wdpk (u,m, )
q/κ ( uT )
du
u , ()
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where Lγ p =R+e
√
–γ p ⊆ Sdp ∪{} is a half-line with direction depending on τ , and analytic
in the setRdp ,δ˜ ∩D(, r) for  < r ≤ q(

 –α)/κ/, for some α ∈R. The function wdpk (τ ,m, )
is a continuous function deﬁned on (D(,ρ)∪Udp )×R×D(, ) and holomorphic with
respect to (τ , ) on (D(,ρ)∪Udp )×D(, ) for everym ∈R. In addition to that, one has
∣∣wdpk (τ ,m, )
∣∣ ≤ Cwdpk

( + |m|)μ e
–β|m| exp
(
κ log |τ + δ|
 log(q) + α log |τ + δ|
)
()
for some Cwdpk
, δ > , valid for every τ ∈ (D(,ρ) ∪ Udp ), m ∈ R and  ∈ D(, ). Indeed,
wdpk is the extension of a function wk (τ ,m, ), common for every  ≤ p ≤ ς – , which is
continuous on D(,ρ)×R×D(, ) and holomorphic with respect to (τ , ) on D(,ρ)×
D(, ).
The bounds attained in () with respect to m variable are transmitted to the func-
tion Udp (T ,m, ) described in (). This guarantees that one can deﬁne F–(m →
Udp (T ,m, ))(z) in such a way that the function
udp (t, z, ) :=F–(m →Udp (t,m, ))(z)
= (π )/

πq/k
∫ ∞
–∞
∫
Lγp
wdpk (u,m, )
q/k ( ut )
du
u exp(izm)dm ()
deﬁnes a bounded holomorphic function on T ×Hβ ′ × Ep in view of () in Deﬁnition .
The properties held by inverse Fourier transform, described in Proposition , allow us
to conclude that udp (t, z, ) is a solution of equation () deﬁned on T ×Hβ ′ × Ep. 
Proposition  Let  ≤ p ≤ ς – . Under the hypotheses of Theorem , assume that the
unbounded sectors Udp and Udp+ are wide enough so that Udp ∩Udp+ contains the sector
Udp ,dp+ = {τ ∈C : arg(τ ) ∈ [dp,dp+]}. Then there exist K >  and K ∈R such that
∣∣udp+ (t, z, ) – udp (t, z, )
∣∣ ≤ K exp
(
– k log(q) log
 ||
)
||K ,
∣∣f dp+ (t, z, ) – f dp (t, z, )
∣∣ ≤ K exp
(
– k log(q) log
 ||
)
||K
()
for every t ∈ T , z ∈Hβ ′ , and  ∈ Ep ∩ Ep+.
Proof Let  ≤ p ≤ ς – . Taking into account that Udp ,dp+ ⊆ Udp ∩ Udp+ , we ob-
serve from the construction of the functions Udp and Udp+ that Ldpq;/κ (w
dp
k )(τ ,m, ) and
Ldp+q;/κ (w
dp+
k )(τ ,m, ) coincide in the domain (Rbdp ∩ Rbdp+ ) × R × D(, ). This entails
the existence of wdp ,dp+k (τ ,m, ), holomorphic with respect to τ on Rbdp ∪ Rbdp+ , contin-
uous with respect to m ∈ R and holomorphic with respect to  in D(, ), which coin-
cides with Ldpq;/κ (w
dp
k )(τ ,m, ) onRbdp ×R×D(, ) and also with L
dp+
q;/κ (w
dp+
k )(τ ,m, ) on
Rbdp+ ×R×D(, ).
Let ρdp ,dp+ be such that ρdp ,dp+eiγp ⊆Rbdp and ρdp ,dp+eiγp+ ⊆Rbdp+ . The function
u → w
dp ,dp+
k (u,m, )
q/k ( ut )
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Figure 1 Deformation of the path of integration,
ﬁrst case.
is holomorphic on Rbdp ∪ Rbdp+ for all (m, ) ∈ R × (Ep ∩ Ep+) and its integral along the
closed path constructed by concatenation of the segment starting at the origin and with
ending point ﬁxed at ρdp ,dp+eiγp , the arc of circle with radius ρdp ,dp+ connecting ρdp ,dp+eiγp
with ρdp ,dp+eiγp+ ⊆ Rbdp+ , and the segment from ρdp ,dp+eiγp+ to , vanishes. The diﬀer-
ence udp+ – udp can be written in the form
udp+ (t, z, ) – udp (t, z, )
= (π )/

πq/k
∫ ∞
–∞
∫
Lγp+,ρdp ,dp+
wdp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
– (π )/

πq/k
∫ ∞
–∞
∫
Lγp ,ρdp ,dp+
wdpk (u,m, )
q/k ( ut )
exp(izm)duu dm
+ (π )/

πq/k
∫ ∞
–∞
∫
Cρdp ,dp+ ,γp ,γp+
wdp ,dp+k (u,m, )
q/k ( ut )
exp(izm)duu dm, ()
where Lγj ,ρdp ,dp+ = [ρdp ,dj , +∞)eiγj for j ∈ {p,p + } and Cρdp ,dp+ ,γp ,γp+ is the arc of circle
connecting ρdp ,dp+eiγp with ρdp ,dp+eiγp+ (see Figure ).
Let us put
I :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Lγp+,ρdp ,dp+
wdp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣.
In view of () and (), one has
I ≤
C˜
w
dp+
k
Cq,k δ˜(π )/
|t|/
πq/k
∫ ∞
–∞
e–β|m|–m(z) dm( + |m|)μ
×
∫ ∞
ρdp ,dp+
exp
(k log |u|
 log(q) + ν log |u|
)
|u|–/ exp
(
–
k log( |u||t| )
 log(q)
)
d|u|. ()
We recall that we have restricted the domain on the variable z such that |(z)| ≤ β ′ < β .
Then the ﬁrst integral in the previous expression in convergent, and one derives
I ≤
C˜
w
dp+
k
(π )/
(rT )/
πq/k
∫ ∞
ρdp ,dp+
exp
(k log |u|
 log(q)
)
exp
(
–
k log( |u||t| )
 log(q)
)
|u|ν–/ d|u|
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for some C˜
w
dp+
k
> . We derive
exp
(k log |u|
 log(q)
)
exp
(
–
k log( |u||t| )
 log(q)
)
= exp
( k
 log(q)
(
– log || –  log || log |t| – log |t|)
)
× exp
( k
log(q)
(
log |u| log || + log |u| log |t|)
)
.
From the assumption that  <  <  and  < rT < , we get
exp
(
– k
log(q) log || log |t|
)
≤ ||–
k
log(q) log(rT ),
exp
( k
log(q) log |u| log ||
)
≤ ||
k
log(q) log(ρdp ,dp+ )
()
for t ∈ T ,  ∈ Ep ∩ Ep+, |u| ≥ ρdp ,dp+ , and also
exp
( k
log(q) log |u| log |t|
)
≤ |t|
k
log(q) log(ρdp ,dp+ ) if ρdp ,dp+ ≤ |u| ≤ ,
exp
( k
log(q) log |u| log |t|
)
≤ |u|
k
log(q) log(rT ) if |u| ≥ 
()
for t ∈ T . In addition to that, there exists Kk,ρdp ,dp+ ,q >  such that
sup
x>
x
k
log(q) log(ρdp ,dp+ ) exp
(
– k log(q) log
(x)
)
≤ Kk,ρdp ,dp+ ,q. ()
In view of (), (), (), and bearing inmind that () holds, we deduce that there exist
K˜  ∈R, K˜ >  such that
exp
(k log |u|
 log(q)
)
exp
(
–
k log( |u||t| )
 log(q)
)
|u|ν ≤ K˜ exp
(
– k log(q) log
 ||
)
||K˜
for t ∈ T , r ≥ ρdp ,dp+ , and  ∈ Ep ∩ Ep+. Provided this last inequality, we arrive at
I ≤
K˜C
w
dp+
k
Cq,k δ˜(π )/
(rT )/
πq/k
∫ ∞
ρdp ,dp+
d|u|
|u|/ exp
(
– k log(q) log
 ||
)
||K˜
= K˜ exp
(
– k log(q) log
 ||
)
||K˜ ()
for some K˜ > , for all t ∈ T , z ∈Hβ ′ and  ∈ Ep ∩ Ep+.
We can estimate in the same manner the expression
I :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Lγp ,ρdp ,dp+
wdpk (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣
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to arrive at the existence of K˜ >  such that
I ≤ K˜ exp
(
– k log(q) log
 ||
)
||K˜ ()
for all t ∈ T , z ∈Hβ ′ and  ∈ Ep ∩ Ep+. We now provide upper bounds for the quantity
I :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Cρdp ,dp+ ,γp ,γp+
wdp ,dp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣.
The estimates in () and () allow us to obtain the existence of Cdpdp+wk >  such that
I ≤
Cdp ,dp+wk
(π )/

πq/k
/
Cq,k δ˜ρ/dp ,dp+
∫ ∞
–∞
e–β|m|–m(z)
( + |m|)μ dm|γp+ – γp||t|
/
× exp
(
–
k log(
ρdpdp+
|t| )
 log(q)
)
for all t ∈ T , z ∈ Hβ ′ and  ∈ Ep ∩ Ep+. We can follow analogous arguments as in the
previous steps to provide upper estimates of the expression
|t|/ exp
(
–
k log(
ρdpdp+
|t| )
 log(q)
)
.
Indeed,
|t|/ exp
(
–
k log(
ρdpdp+
|t| )
 log(q)
)
= exp
(
–
k log(ρdpdp+ )
 log(q)
)
||
k log(ρdpdp+ )
log(q) |t|
k log(ρdpdp+ )
log(q)
× exp
( k
 log(q)
(
– log || –  log || log |t| – log |t|)
)
|t|/.
From the assumption ≤  <  we check that
exp
(
– k
log(q) log || log |t|
)
≤ ||–
k
log(q) log(rT )
for t ∈ T ,  ∈ Ep ∩ Ep+. Gathering (), we get the existence of K˜ ∈R, K˜ >  such that
|t|/ exp
(
–
k log(
ρdpdp+
|t| )
 log(q)
)
≤ K˜ exp
(
– k log(q) log
 ||
)
||K˜ ,
to conclude that
I ≤ K˜ exp
(
– k log(q) log
 ||
)
||K˜ ()
Lastra and Malek Advances in Diﬀerence Equations  (2015) 2015:344 Page 37 of 52
for some K˜ > , all t ∈ T , z ∈ Hβ ′ and  ∈ Ep ∩ Ep+. We conclude the proof of this result
in view of (), (), () and the decomposition ().
In order to obtain analogous estimates for the forcing term f dp , one can follow analogous
estimates as for udp under the consideration of the estimates in (). 
We now state the second situation one can ﬁnd when estimating the diﬀerence of two
consecutive solutions. For this purpose, we enunciate the following.
Lemma  Let  ≤ p ≤ ς – . Under the hypotheses of Theorem , assume that Udp ∩
Udp+ = ∅. Then there exist KLp > ,MLp ∈R such that
∣∣Ldp+q;/κ
(
wdp+k
)
(τ ,m, ) –Ldpq;/κ
(
wdpk
)
(τ ,m, )
∣∣
≤ KLp e–β|m|
(
 + |m|)–μ exp
(
– κ log(q) log
 |τ |
)
|τ |MLp ()
for every  ∈ (Ep ∩ Ep+), τ ∈ (Rbdp ∩Rbdp+ ) and m ∈R.
Proof We ﬁrst recall that, without loss of generality, the intersection Rddp ∩Rddp+ can be
assumed to be a nonempty set because one can vary δ˜ in advance to be as close to  as
desired.
Analogous arguments as in the beginning of the proof of Proposition  allow us to write
Ldp+q;/κ
(
wdp+k
)
(τ ,m, ) –Ldpq;/κ
(
wdpk
)
(τ ,m, )
in the form
= 
πq/κ
∫
Lγp+,ρdp ,dp+
wdp+k (u,m, )
q/κ ( uτ )
du
u
– 
πq/κ
∫
Lγp ,ρdp ,dp+
wdpk (u,m, )
q/κ ( uτ )
du
u
+ 
πq/κ
∫
Cρdp ,dp+ ,γp ,γp+
wk (u,m, )
q/κ ( uτ )
du
u , ()
where ρdp ,dp+ , Lγp ,ρdp ,dp+ , Lγp+,ρdp ,dp+ and Cρdp ,dp+ ,γp ,γp+ are constructed in Proposi-
tion .
In view of () and (), one has
IL :=
∣∣∣∣

πq/κ
∫
Lγp ,ρdp ,dp+
wdpk (u,m, )
q/κ ( uτ )
du
u
∣∣∣∣
≤
Cwdpk
Cq,κ δ˜
|τ |/
( + |m|)μ e
–β|m|
∫ ∞
ρdp ,dp+
exp( κ log |re
iγp+δ|
 log(q) + α log |reiγp + δ|)
exp( κ
log( r|τ | )
log(q) )
dr
r/
≤ KLp,|τ |/
(
 + |m|)–μe–β|m|
∫ ∞
ρdp ,dp+
exp( κ log r log(q) + α log r)
exp( κ
log( r|τ | )
log(q) )
dr
r/
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for some KLp, > . By usual calculations, and taking into account the choice of α in (),
one derives the previous expression equals
KLp,|τ |/
(
 + |m|)–μe–β|m| exp
(
– κ log(q) log
 |τ |
)∫ ∞
ρdp ,dp+
r
κ log |τ |
log(q) +α–/ dr,
which yields
IL ≤ KLp,
(
 + |m|)–μe–β|m| exp
(
– κ log(q) log
 |τ |
)
()
for some KLp, > . Analogous arguments allow us to obtain the existence of KLp, >  such
that
∣∣∣∣

πq/κ
∫
Lγp+,ρdp ,dp+
wdp+k (u,m, )
q/κ ( uτ )
du
u
∣∣∣∣
≤ KLp,
(
 + |m|)–μe–β|m| exp
(
– κ log(q) log
 |τ |
)
. ()
We write
IL :=
∣∣∣∣

πq/κ
∫
Cρdp ,dp+ ,γp ,γp+
wk (u,m, )
q/κ ( uτ )
du
u
∣∣∣∣.
Regarding () and (), one derives that
IL ≤
Cwdpk
πq/κ
e–β|m|
( + |m|)μ
|τ |/
ρ/dp ,dp+Cq,κ δ˜
×
∫ γp+
γp
exp( κ log
 |ρdp ,dp+ eiθ+δ|
 log(q) + α log |ρdp ,dp+eiθ + δ|)
exp( κ
log(
ρdp ,dp+
|τ | )
log(q) )
dθ
≤ KLp,|τ |/
e–β|m|
( + |m|)μ exp
(
–κ
log( ρdp ,dp+|τ | )
log(q)
)
with
KLp, = |γp+ – γp|
Cwdpk
πq/κ

ρ/dp ,dp+Cq,κ δ˜
exp
(
κ log(ρdp ,dp+ + δ)
 log(q) + α log(ρdp ,dp+ + δ)
)
.
Let KLp, = KLp, exp(– κ log(q) log
(ρdp ,dp+ )). It is straightforward to check that
IL ≤ KLp,|τ |/+
κ log(ρdp ,dp+ )
log(q)
e–β|m|
( + |m|)μ exp
(
–κ
log |τ |
log(q)
)
. ()
From (), () and (), put into (), we conclude the result. 
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Proposition  Let ≤ p≤ ς – .Under the hypotheses of Theorem , assume that Udp ∩
Udp+ = ∅. Then there exist K >  and K ∈R such that
∣∣udp+ (t, z, ) – udp (t, z, )
∣∣ ≤ K exp
(
– k log(q) log
 ||
)
||K ,
∣∣f dp+ (t, z, ) – f dp (t, z, )
∣∣ ≤ K exp
(
– k log(q) log
 ||
)
||K
()
for every t ∈ T , z ∈Hβ ′ and  ∈ Ep ∩ Ep+.
Proof Let ≤ p≤ ς –.Under the assumptions of the enunciate, one can not proceed as in
the proof of Proposition  for there does not exist a common function for both p and p+
deﬁned inRbdp ∪Rbdp+ in the variable of integration when applying q-Laplace transform.
However, one can use the analytic continuation property () and write the diﬀerence
udp+ – udp as follows. Let ρdp ,dp+ be such that ρdp ,dp+eiγp ∈Rbdp and ρdp ,dp+eiγp+ ∈Rbdp+ ,
and let θp,p+ ∈R be such that ρdp ,dp+eθp,p+ lies in bothRbdp andRbdp+ . We write
udp+ (t, z, ) – udp (t, z, )
= (π )/

πq/k
∫ ∞
–∞
∫
Lγp+,ρdp ,dp+
wdp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
– (π )/

πq/k
∫ ∞
–∞
∫
Lγp ,ρdp ,dp+
wdpk (u,m, )
q/k ( ut )
exp(izm)duu dm
– (π )/

πq/k
∫ ∞
–∞
∫
Cρdp ,dp+ ,θp,p+,γp+
wdp ,dp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
+ (π )/

πq/k
∫ ∞
–∞
∫
Cρdp ,dp+ ,θp,p+,γp
wdp ,dp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
+ (π )/

πq/k
∫ ∞
–∞
∫
L,ρdp ,dp+ ,θp,p+
Ldp+q;/κ (w
dp+
k )(τ ,m, ) –L
dp
q;/κ (w
dp
k )(τ ,m, )
q/k ( ut )
× exp(izm)duu dm. ()
Here, we have denoted Lγj ,ρdp ,dp+ = [ρdp ,dj , +∞)eiγj for j ∈ {p,p + }, Cρdp ,dp+ ,θp,p+,γp+ is
the arc of circle connecting ρdp ,dp+eiγp+ with ρdp ,dp+eiθp,p+ , Cρdp ,dp+ ,θp,p+,γp is the arc of
circle connecting ρdp ,dp+eiγp with ρdp ,dp+eiθp,p+ , L,ρdp ,dp+ ,θp,p+ = [,ρdp ,dp+ ]e
iθp,p+ , as it is
shown in Figure .
Following the same line of arguments as that in the proof of Proposition , we can
guarantee the existence of Kˆ j >  and Kˆk ∈R for ≤ j≤  and ≤ k ≤  such that
J :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Lγp+,ρdp ,dp+
wdp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣
≤ Kˆ exp
(
– k log(q) log
 ||
)
||Kˆ ,
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Figure 2 Deformation of the path of integration,
second case.
J :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Lγp ,ρdp ,dp+
wdpk (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣
≤ Kˆ exp
(
– k log(q) log
 ||
)
||Kˆ ,
J :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Cρdp ,dp+ ,θp,p+,γp+
wdp ,dp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣
()
≤ Kˆ exp
(
– k log(q) log
 ||
)
||Kˆ ,
J :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
Cρdp ,dp+ ,θp,p+,γp
wdp ,dp+k (u,m, )
q/k ( ut )
exp(izm)duu dm
∣∣∣∣
≤ Kˆ exp
(
– k log(q) log
 ||
)
||Kˆ .
We now give estimates for
J :=
∣∣∣∣

(π )/

πq/k
∫ ∞
–∞
∫
L,ρdp ,dp+ ,θp,p+
Ldp+q;/κ (w
dp+
k )(u,m, ) –L
dp
q;/κ (w
dp
k )(u,m, )
q/k ( ut )
× exp(izm)duu dm
∣∣∣∣. ()
In view of Lemma  and (), one has
J ≤
KLp
(π )/

πq/k
∫ ∞
–∞
e–β|m|–(z)m dm( + |m|)μ
×
∫ ρdp ,dp+

exp(– κ log(q) log
 |u|)|u|MLp
Cq,k δ˜ exp( k
log | ut |
log(q) )| ut |/
d|u|
|u| .
We recall that z ∈Hβ ′ for some β ′ < β . Then there exists K >  such that
J ≤
KLp K
(π )/
||/r/T
πq/kCq,k δ˜
∫ ρdp ,dp+

exp(– κ log(q) log
 |u|)|u|MLp
exp( k
log | ut |
log(q) )
d|u|
|u|/ .
Lastra and Malek Advances in Diﬀerence Equations  (2015) 2015:344 Page 41 of 52
We now proceed to prove that the expression
∫ ρdp ,dp+

exp(– κ log(q) log
 |u|)
exp( k
log | ut |
log(q) )
exp
( k
 log(q) log
 ||
) d|u|
|u|/–MLp
is upper bounded by a positive constant times a certain power of || for every  ∈ (Ep∩Ep+)
and t ∈ T . This concludes the existence of K >  such that
J ≤ K||/ exp
(
– k log(q) log
 ||
)
()
for every  ∈ (Ep ∩ Ep+), t ∈ T and z ∈Hβ ′ .
Indeed, we have
∫ ρdp ,dp+

exp(– κ log(q) log
 |u|)
exp( k
log( |u||t| )
log(q) )
exp
( k
 log(q) log
 ||
) d|u|
|u|/–MLp
equals
exp
( k
 log(q) log
 || – k log(q) log
 |t|
)
×
∫ ρdp ,dp+

exp
(
–(κ + k) log(q) log
 |u|
)
|u|
k log |t|
log(q) –

 +MLp d|u|. ()
Given m ∈ R and m > , the function [,∞)  x → H(x) = xm exp(–m log(x)) attains
its maximum value at x = exp( mm ) with H(x) = exp(
m
m ). This yields an upper bound
for the integrand in (); the expression in () is estimated from above by
ρdp ,dp+ exp
( (MLp – /) log(q)
(κ + k)
)
× exp
( 
 log(q)
( k
κ + k
– k + k
)
log ||
)
||
k(MLp –/)
κ+k
× exp
( 
 log(q)
( k
κ + k
– k
)
log |t|
)
|t|
k(MLp –/)
κ+k
× exp
( 
log(q)
( k
κ + k
– k
)
log || log |t|
)
. ()
The second line in () is upper bounded for every t because k


κ+k < k, and also one has
an upper bound for the third line in () is . Regarding () and taking into account that
k
κ + k
– k = –k,
the expression () is upper bounded by
K||
k(MLp –/)
κ+k
for some K > . The conclusion is achieved.
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The result follows from (), () and ().
The proof for the estimates of f dp is analogous as that for udp . In this case, one has to
take into account (), () and () to apply the same arguments as above. 
Example LetA > . An example of problem under study in this work is given by the equa-
tion
∂z(∂z + iA)u(qt, z, ) = (t)∂zu
(
q/t, z, 
)
+ tc,(z, )u(qt, z, )
+ tc,(z, )∂zu
(
qt, z, 
)
+ f (qt, z, ),
with c,, c, and f constructed following the procedure described at the beginning of
Section .
Here, D = , R = , R = R(x) = x and Q(x) = (x + iA)R(x). Every condition on the
constants are satisﬁed. Also, we observe that one can choose large enough A >  in order
to choose large enough rQ,rD > , with the only forbidden direction given by the negative
real ray.
6 Existence of formal series solutions in the complex parameter and
asymptotic expansion in two levels
In the ﬁrst part of this section, we develop a two-level q-analog of the Ramis-Sibuya the-
orem. This result provides the tool to guarantee the existence of a formal power series
in the perturbation parameter which formally solves the main problem and such that it
asymptotically represents the analytic solution of that equation.
This asymptotic representation is held in the sense of -asymptotic expansions of certain
positive order.
Deﬁnition  Let V be a bounded open sector with vertex at  in C. Let (F,‖ · ‖F) be a
complex Banach space. Let q ∈ R with q >  and let k be a positive integer. We say that a
holomorphic function f : V → F admits the formal power series fˆ () = ∑n≥ fnn ∈ F
as its q-Gevrey asymptotic expansion of order /k if for every open subsectorU with (U \
{})⊆ V , there exist A,C >  such that
∥∥∥∥∥f () –
N∑
n=
fnn
∥∥∥∥∥
F
≤ CAN+qN(N+)k ||N+
for every  ∈U and N ≥ .
The set of functions which admit null q-Gevrey asymptotic expansion of certain positive
order are characterized as follows. The proof of this result, already stated in [], provides
the q-analog of Theorem XI-- in [].
Lemma  A holomorphic function f : V → F admits the null formal power series ˆ ∈ F
as its q-Gevrey asymptotic expansion of order /k if and only if for every open subsector U
with (U \ {})⊆ V , there exist constants K ∈R and K >  with
∥∥f ()
∥∥
F
≤ K exp
(
– k log(q) log
 ||
)
||K
for all  ∈U .
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We recall the one-level version of the q-analog of the Ramis-Sibuya theorem proved
in [].
Theorem  (q-RS) Let (F,‖ · ‖F) be a Banach space and (Ep)≤p≤ς– be a good covering
in C. For every ≤ p≤ ς – , let Gp() be a holomorphic function from Ep into F, and let
the cocycle p() = Gp+() – Gp() be a holomorphic function from Zp = Ep ∩ Ep+ into F
(we put Eς = E and Gς =G).We also make the following assumptions:
() The functions Gp() are bounded as  tends to  on Ep for every ≤ p≤ ς – .
() For all ≤ p≤ ς – , the function p() is q-exponentially ﬂat of order k on Zp, i.e.,
there exist constants Cp ∈R and Cp >  such that
∥∥p()
∥∥
F
≤ Cp||C
p exp
(
– k log(q) log
 ||
)
for every  ∈ Zp, all ≤ p≤ ς – .
Then there exists a formal power series Gˆ() ∈ F which is the common q-Gevrey asymp-
totic expansion of order /k of the functions Gp() on Ep, which is common for all  ≤ p ≤
ς – .
The next result leans on the one-level version of the q-analog of the Ramis-Sibuya theo-
rem and states a two-level result in this framework. It is straightforward to generalize this
result to a higher number of levels, but for practical purposes, we develop it just in two.
Theorem  Let (F,‖ · ‖F) be a Banach space and (Ep)≤p≤ς– be a good covering in C. Let
 < k < k, consider a holomorphic function Gp : Ei → F for every  ≤ p ≤ ς –  and put
p() =Gp+() –Gp() for every  ∈ Zp := Ep ∩ Ep+.Moreover, we assume:
() The functions Gp() are bounded as  tends to  on Ep for every ≤ p≤ ς – .
() There exist nonempty sets I, I ⊆ {, , . . . ,ς – } such that I ∪ I = {, , . . . ,ς – }
and I ∩ I = ∅. Also,
- for every p ∈ I, there exist constants K > ,M ∈R such that
∥∥p()
∥∥
F
≤ K||M exp
(
– k log(q) log
 ||
)
,  ∈ Zp,
- and for every p ∈ I, there exist constants K > ,M ∈R such that
∥∥p()
∥∥
F
≤ K||M exp
(
– k log(q) log
 ||
)
,  ∈ Zp.
Then there exists a convergent power series a() ∈ F{} deﬁned on some neighborhood of
the origin and Gˆ(), Gˆ() ∈ F such that Gp can be written in the form
Gp() = a() +Gp() +Gp().
Gp() is holomorphic on Ep and admits Gˆ() as its q-Gevrey asymptotic expansion of or-
der /k on Ep for every p ∈ I; whilst Gp() is holomorphic on Ep and admits Gˆ() as its
q-Gevrey asymptotic expansion of order /k on Ep for every p ∈ I.
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Proof For every ≤ i≤ ς , we deﬁne the functions ji() ∈O(Zi) for j = ,  by

j
i() =
{
i() if i ∈ Ij,
 if i ∈ {, , . . . ,ς – } \ Ij
for  ∈ Zi.
As an introductory lemma, we provide the following result without proof which can be
found in Lemma  of [], and it rests on the arguments of Lemma XI-- from [].
Lemma  Under the assumptions of Theorem , for every  ≤ i ≤ ς –  and j = , , there
exist bounded holomorphic functions  ji : Ei →C such that

j
i() =
j
i+() –
j
i ()
for every  ∈ Zi ( jς () :=  j()). Moreover, there exist ϕjm ∈ F, for every m ≥ , such that
for every ≤ i≤ ς – and any closed proper subsectorW ⊆ Ep,with vertex at , there exist
Kˆp, Mˆp >  with
∥∥∥∥∥
j
i () –
M∑
m=
ϕjm
m
∥∥∥∥∥
F
≤ Kˆp(Mˆp)M+q
(M+)M
kj ||M+
for every  ∈W and M ≥ .
We now consider the bounded holomorphic functions ai() =Gi() –i () –i () for
all ≤ i≤ ς –  and  ∈ Ei. By deﬁnition, for j = ,  and i ∈ Ij, we have
ai+() – ai() =Gi+() –i () –i () =Gi+() –Gi() –i() = 
for  ∈ Zi. Therefore, each ai() is the restriction on Ei of a holomorphic function a()
deﬁned on a neighborhood of the origin but zero. Indeed, a() is bounded on
⋃
≤i≤ς– Ei
so the origin turns out to be a removable singularity and, as a consequence, a() deﬁnes a
convergent power series on the neighborhood of the origin (
⋃
≤i≤ς– Ei)∪ {}.
One can ﬁnish the proof by rewriting
Gi() = a() +i () +i ()
and bearing in mind Lemma . 
We conclude this section with the main result in the work in which we guarantee the
existence of a formal solution of themain problem (), written as a formal power series in
the perturbation parameter, with coeﬃcients in an appropriate Banach space, say uˆ(t, z, ).
Moreover, it represents, in some sense to be precised, each solution udp (t, z, ) of problem
().
This result is based on the existence of a common formal power series fˆ (t, z, ) which
is the q-Gevrey asymptotic expansion of order /k, seen as a formal power series in
the perturbation parameter  with coeﬃcients in a certain Banach space, of every f dp
on Ep.
From now on, F stands for the Banach space of bounded holomorphic functions deﬁned
on T ×Hβ ′ , with the supremum norm,where β ′ < β , as above.
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Lemma  Under the hypotheses on Theorem , there exists a formal power series
fˆ (t, z, ) =
∑
m≥
fm(t, z)
m
m! ,
with fm(t, z) ∈ F for m ≥ , which is the common q-Gevrey asymptotic expansion of order
/k on Ep of the functions f dp , seen as holomorphic functions from Ep to F, for all ≤ p≤
ς – .
Proof Let  ≤ p ≤ ς – . We consider the function f dp constructed in () and deﬁne
Gfp() := (t, z) → f dp (t, z, ), which is a holomorphic and bounded function from Ep into F.
Regarding () and (), and taking into account that k < k, we have that () holds for
every ≤ p≤ ς –. This yields the cocyclefp() :=Gfp+()–Gfp() satisﬁes the conditions
of Theorem  for k = k, and one concludes the result by the application of Theorem .

Theorem  Under the hypotheses of Theorem , there exists a formal power series
uˆ(t, z, ) =
∑
m≥
hm(t, z)
m
m! ∈ F,
formal solution of the equation
Q(∂z)σquˆ(t, z, ) = (t)dDσ
dD
k
+
q RD(∂z)uˆ(t, z, )
+
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)uˆ(t, z, )
)
+ σqfˆ (t, z, ). ()
Moreover, uˆ(t, z, ) turns out to be the common q-Gevrey asymptotic expansion of order /k
on Ep of the function udp , seen as a holomorphic function from Ep into F, for ≤ p≤ ς – .
In addition to that, uˆ is of the form
uˆ(t, z, ) = a(t, z, ) + uˆ(t, z, ) + uˆ(t, z, ),
where a(t, z, ) ∈ F{} and uˆ(t, z, ), uˆ(t, z, ) ∈ F and such that for every ≤ p≤ ς – ,
the function udp can be written in the form
udp (t, z, ) = a(t, z, ) + udp (t, z, ) + u
dp
 (t, z, ),
where  → udp (t, z, ) is an F-valued function that admits uˆ(t, z, ) as its q-Gevrey asymp-
totic expansion of order /k on Ep and also  → udp (t, z, ) is an F-valued function that
admits uˆ(t, z, ) as its q-Gevrey asymptotic expansion of order /k on Ep.
Proof For every  ≤ p ≤ ς – , one can consider the function udp (t, z, ) constructed in
Theorem . We deﬁne Gp() := (t, z) → up(t, z, ), which is a holomorphic and bounded
function from Ep into F. In view of Proposition  and Proposition , one can split the set
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{, , . . . ,ς –} in twononempty subsets of indices, I and I with {, , . . . ,ς –} = I∪I and
such that I (resp. I) consists of all the elements in {, , . . . ,ς – } such that Udp ∩Udp+
contains the sector Udp ,dp+ , as deﬁned in Proposition  (resp. Udp ∩ Udp+ = ∅). From
() and () one can apply Theorem  and deduce the existence of formal power series
Gˆ(), Gˆ() ∈ F, a convergent power series a() ∈ F{} and holomorphic functions
Gp(), Gp() deﬁned on Ep and with values in F such that
Gp() = a() +Gp() +Gp(),
and for j = , , one has Gjp() admits Gˆj() as its q-Gevrey asymptotic expansion or order
/kj on Ep. We put
uˆ(t, z, ) =
∑
m≥
hm(t, z)
m
m! := a() + Gˆ

p() + Gˆp().
It only remains to prove that uˆ(t, z, ) is the solution of (). Indeed, since udp (resp.
f dp ) admits uˆ(t, z, ) (resp. fˆ ) as its q-Gevrey asymptotic expansion of order /k on Ep, we
have that
lim
→,∈Ep
sup
t∈T ,z∈Hβ′
∣∣∂m udp (t, z, ) – hm(t, z)
∣∣ = ,
lim
→,∈Ep
sup
t∈T ,z∈Hβ′
∣∣∂m f dp (t, z, ) – fm(t, z)
∣∣ = 
()
for every  ≤ p ≤ ς –  and m ≥ . Let p ∈ {, , . . . ,ς – }. By construction, the function
udp (t, z, ) solves equation (). We take derivatives of order m ≥  with respect to  at
both sides of equation () and deduce that ∂m udp (t, z, ) satisﬁes
Q(∂z)σq
(
∂m udp
)
(t, z, )
=
∑
m+m=m
m!
m!m!
∂m
(
dD
)
tdDσ
dD
k
+
q RD(∂z)
(
∂m udp
)
+
D–∑
=
∑
λ∈I
∑
m+m+m=m
m!
m!m!m!
(
∂m 
λ,
)
tdλ,
(
∂m cλ,(z, )
)
R(∂z)σ δq
(
∂m udp
)
+ σq
(
∂m f dp
)
(t, z, ) ()
for every (t, z, ) ∈ T ×Hβ ′ × Ep. We let  →  in () and obtain the recursion formula
Q(∂z)σqhm(t, z) =
m!
(m – dD)!
tdDσ
dD
k
+
q RDhm–dD (t, z)
+
D–∑
=
∑
λ∈I
∑
m+m=m–λ,
m!
m!m!
tdλ,
(
∂m cλ,(z, )
)
R(∂z)σ δq hm (t, z)
+ σqfm(t, z) ()
for every m ≥ max{dD,max≤≤D–,λ∈I λ,} and all (t, z) ∈ T ×Hβ ′ . Bearing in mind that
cλ, (constructed in ()) is holomorphic with respect to  in a neighborhood of the origin,
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in such a neighborhood one has
cλ,(z, ) =
∑
m≥
(∂m c)(z, )
m! 
m ()
for every  ≤  ≤D –  and λ ∈ I. By direct calculations on the recursion () and ()
one concludes that the formal power series uˆ(t, z, ) =
∑
m≥ hm(t, z)m/m! is a solution of
equation (). 
7 Application
Let D ≥  and k ≥  be integers. Let q ∈ R with q >  and assume that for every  ≤  ≤
D – , I is a ﬁnite nonempty subset of nonnegative integers.
Let dD ≥  be an integer. For every ≤  ≤D – , we consider δ ≥ , and for each λ ∈ I,
we take integers dλ, ≥ , λ, ≥ . We assume that
δ = , δ < δ+
for every ≤  ≤D –  and all λ ∈ I, and also
λ, ≥ dλ,, dλ,k + ≥ δ,
dD – 
k
+ ≥ δ ()
for every ≤  ≤D –  and all λ ∈ I.
We consider Q,R ∈C[X] for all ≤  ≤D with
deg(Q)≥ deg(RD)≥ deg(R), Q(im) = , RD(im) = 
for every m ∈R and all ≤  ≤D – . We take β >  and μ > deg(Q) + .
For every ≤  ≤D –  and all λ ∈ I, the function m → Cλ,(m, ) belongs to the space
E(β ,μ) for some β >  and μ > deg(RD) + . In addition to that, we assume these functions
depend holomorphically on  ∈D(, ), and also the existence of apositive constant C˜λ,
such that
∥∥Cλ,(m, )
∥∥
(β ,μ) ≤ C˜λ, ()
for every  ∈D(, ).
Let N ≥  be an integer. We choose F(T ,m, ) = ∑Nn= Fn(m, )Tn ∈ E(β ,μ)T which
depend holomorphically on  ∈D(, ). We assume there exist positive constants K, T
such that
∥∥Fn(m, )
∥∥
(β ,μ) ≤K

Tn
for every ≤ n≤N and  ∈D(, ). Under this last condition, Bˆq,/k (F(T ,m, ))(τ ) is an
element of Expdp(k,β ,μ,α,ρ) for some α ∈ R and ρ >  and every p, which will be denoted by
ψ
dp
k (τ ,m, ). Following the same arguments as in Lemma  in [], one can check that
∣∣ψdpk (τ ,m, )
∣∣ ≤Cψk
e–β|m|
( + |m|)μ exp
(k log |τ + δ|
 log(q) + α log |τ + δ|
)
()
for some Cψk > , valid for all  ∈D(, ), τ ∈Udp ∪D(,ρ) andm ∈R.
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We consider k > k as chosen in Section  and κ determined by (). From the fact that
the q-Laplace transform of some order provides an extension of the inverse operator for
the formal q-Borel transform of the same order when deﬁned on monomials, it is direct
to check that
N∑
n=
Fn(m, )Tn =Lq;/kLq;/κψdpk (τ ,m, ) ()
for every  ∈D(, ),m ∈R.
We depart from the formal power series F(T ,m, ) =
∑
n≥ Fn(m, )Tn, where Fn(m, )
are deﬁned after (), in Section , and assume that this formal power series formally
solves the equation
Q(im)σqF(T ,m, )
= TdDσ
dD
k
+
q RD(im)F(T ,m, )
+
D–∑
=
(∑
λ∈I
Tdλ,λ,–dλ, (π )/
∫ ∞
–∞
Cλ,(m –m, )R(im)F
(
qδT ,m, 
)
dm
)
+ σqF(T ,m, ). ()
Proposition  Assume that Fp(m, ) are ﬁxed elements in E(β ,μ) which depend holomor-
phically on  ∈D(, ) for
p ∈
{
, , . . . ,max
{
max
≤≤D–,λ∈I
dλ,,dD
}}
.
Then there exists a unique formal solution power series F(T ,m, ) =
∑
n≥ Fn(m, )Tn,
where m → Fn(m, ) is an element of E(β ,μ) which depend holomorphically on  ∈D(, ).
Proof By plugging the formal power series F(T ,m, ) into equation (), one gets that
its coeﬃcients satisfy the following recursion formula in order to be a formal solution of
():
Fn(m, ) =
RD(im)
Q(im) q
( dDk +)(n–dD)–nFn–dD (m, )
+ Q(im)
D–∑
=
∑
λ∈I
λ,–dλ,

(π )/
×
∫ ∞
–∞
Cλ,(m –m, )R(im)qδn(n–dλ,)–nFn–dλ, dm
+ Q(im)Fn
for every n ≥ max{max≤≤D–,λ∈I dλ,,dD}. In view of Lemma  and Proposition , the
coeﬃcients Fn belong to E(β ,μ) and depend holomorphically on  ∈D(, ). 
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We multiply equation () by Tk and apply the formal q-Borel transform of order k
on both sides of the resulting equation. Regarding Proposition , we arrive at
Q(im) τ
k
(q/k )k(k–)/ψk (τ ,m, )
= τ
dD+k
(q/k )(dD+k)(dD+k–)/RD(im)ψk (τ ,m, )
+
D–∑
=
(∑
λ∈I
λ,–dλ,τdλ,+k
(q/k )(dλ,+k)(dλ,+k–)/ σ
δ–
dλ,
k
–
q

(π )/
(Cλ,(m, ) ∗R ψk (τ ,m, )
))
+ τ
k
(q/k )k(k–)/ψk (τ ,m, ), ()
where
ψk (τ ,m, ) =
∑
n≥
Fn(m, )
τ n
(q/k )n(n–)/ ,
ψk (τ ,m, ) =
∑
n≥
Fn(m, )
τ n
(q/k )n(n–)/ .
We now make the additional assumption that there exists an unbounded sector
SQ,RD =
{
z ∈C : |z| ≥ rQ,RD ,
∣∣arg(z) – dQ,RD
∣∣ ≤ ηQ,RD
}
for some ηQ,RD >  and dQ,RD ∈R such that
Q(im)
RD(im)
∈ SQ,RD , m ∈R.
We consider the polynomial
Pm(τ ) =
Q(im)
(q/k )k(k–)/ –
RD(im)
(q/k )
(dD+k)(dD+k–)

τdD ,
and factorize it
Pm(τ ) = –
RD(im)
(q/k )
(dD+k)(dD+k–)

dD–∏
l=
(
τ – ql(m)
)
,
with
ql(m) =
( |Q(im)|
|RD(im)|
(
q/k
) (dD+k)(dD+k–)–k(k–)

)/dD
× exp
(√
–
( 
dD
arg
( Q(im)
RD(im)
(
q/k
) (dD+k)(dD+k–)–k(k–)

)
+ π ldD
))
for every ≤ l ≤ dD – .
Moreover, we choose the family of unbounded sectors Udp , ≤ p≤ ς , with vertex at ,
a small closed disc D(,ρ), established in Deﬁnition , and choose SQ,RD satisfying:
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() There existsM >  such that
∣∣τ – ql(m)
∣∣ ≥M
(
 + |τ |)
for every ≤ l ≤ dD – , all m ∈R and τ ∈Udp ∪D(,ρ), ≤ p≤ ς – .
() There existsM >  and l ∈ {, . . . ,dD – } such that
∣∣τ – q (m)
∣∣ ≥M
∣∣ql (m)
∣∣
for every m ∈R and τ ∈D(,ρ)∪Udp , and all ≤ p≤ ς – .
One can follow analogous steps as in () to conclude the existence of a constant CP > 
such that
∣∣Pm(τ )
∣∣ ≥ CP(rQ,RD )/dD
∣∣RD(im)
∣∣( + |τ |)dD– ()
for every τ ∈D(,ρ)∪Udp , for all ≤ p≤ ς – , andm ∈R.
Proposition  Let > .Under the hypotheses made at the beginning of Section  on the
elements involved in the construction of equation () and (), under assumptions ()
and () above, and if there exist small enough positive constants ζψk , ζ λ, for ≤  ≤D– 
and λ ∈ I such that
C˜λ, ≤ ζ λ,, Cψk ≤ ζψk ,
then equation () admits a unique solution ψdpk (τ ,m, ) in the space Exp
dp
(k,β ,μ,α) for some
ν ∈R.Moreover, ‖ψdpk (τ ,m, )‖(k,β ,μ,α) ≤  for every  ∈D(, ), and this function is holo-
morphic with respect to  in D(, ).
Proof The proof of this result follows analogous steps as those in the demonstration of
Proposition , so we omit it. 
Let Fdp (T ,m, ) be deﬁned in ().
We put cλ,(z, ) = F–(m → Cλ,(m, )), which is a holomorphic function deﬁned in
Hβ ′ ×D(, ), and
f(t, z, ) =
∑
n≥
F–(m → Fn(m, )
)
(z)(t)n,
which is a holomorphic function deﬁned inD(, r)×Hβ ′ ×D(, ) for small enough r > .
One can apply F– to () to deduce that f dp is a solution of the equation
Q(∂z)σqf dp (t, z, ) = (t)dDσ
dD
k
+
q RD(∂z)f dp (t, z, )
+
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)f dp (t, z, )
)
+ σqf(t, z, ). ()
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Theorem  We assume that the hypotheses of Theorem  and those stated in this section
hold.We deﬁne
P(t, z, , ∂z,σq) =Q(∂z)σq – (t)dDσ
dD
k
+
q RD(∂z)
–
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)
)
,
P(t, z, , ∂z,σq) =Q(∂z)σq – (t)dDσ
dD
k
+
q RD(∂z)
–
D–∑
=
(∑
λ∈I
tdλ,λ,σ δq cλ,(z, )R(∂z)
)
.
Then the functions udp (t, z, ) constructed in Theorem  solve the problem
P(t, z, , ∂z,σq)σ –q P(t, z, , ∂z,σq)udp (t, z, ) = σqf(t, z, ), ()
whose coeﬃcients and forcing term f are analytic functions on D(, rT ) × Hβ ′ × D(, ).
Moreover, the formal power series uˆ(t, z, ) constructed in Theorem  formally solves equa-
tion ().
Proof For the ﬁrst part of the proof, one can check that Fdp (T ,m, ) as deﬁned in () is
an analytic solution of equation (). This assertion comes from equality () and the
application of the properties of the q-Laplace transform, stated in Proposition  in the
samemanner as it has been done throughout the work, so we omit the details at this point.
Then the ﬁrst part of the result is straight from () and Theorem . In order to prove that
uˆ(t, z, ) provides a formal solution of equation (), one takes into account that uˆ(t, z, )
formally solves equation () and that fˆ (t, z, ) constructed in Lemma  formally solves
the equation
P(t, z, , ∂z,σq)fˆ (t, z, ) = σqf(t, z, ). 
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